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JOHANNES NICAISE 

Abstract. We generalize the motivic incarnation morphism from the theory 
of arithmetic integration to the relative case, where we work over a base variety 
S over a field k of characteristic zero. We develop a theory of constructible 
effective Chow motives over S, and we show how to associate a motive to 
any S-variety. We give a geometric proof of relative quantifier elimination for 
pseudo-finite fields, and we construct a morphism from the Grothendieck ring 
of the theory of pseudo-finite fields over S, to the tensor product of Q with 
the Grothendieck ring of constructible effective Chow motives. This morphism 
yields a motivic realization of parameterized arithmetic integrals. Finally, we 
define relative arc and jet spaces, and the three relative motivic Poincare series. 



1. Introduction 

Let k be a field of characteristic zero. Consider the Grothendieck ring Ko(PFFk) 
of the theory of pseudo-finite fields over k fSection l2.2f> . and denote by K™ ot {V ark) 
the image of the Grothendieck ring of k- varieties in the Grothendieck ring of Chow 
motives, under the well-known morphism Xc ■ K (Vark) — > K (CMotk), see (221, 
[2Zj , or [H] for a short construction using weak factorization. Denef and Loeser 
constructed a generalized motivic Euler characteristic 

X(c) : K (PFF k ) -> K™ ot (Var k ) ®Q 

For this construction, it is important to understand the structure of K (PFF k ). 
The theory of quantifier elimination for pseudo-finite fields ^3 |20] states that 
quantifiers can be eliminated if one adds some relations to the language of rings, 
which have a geometric interpretation in terms of Galois covers (Section 0). This 
interpretation yields a construction for X(c)- The morphism \(c) provides a concrete 
motivic realization of the theory of arithmetic motivic integration [L-tj . 

The goal of the present article, is to generalize this construction to the relative 
case, where we work over an arbitrary fc-variety S instead of over the field k, in 
order to obtain a motivic incarnation of arithmetic integrals with parameters, part 
of a work in progress by Cluckers and Loeser [3 El El- 

In Sections 2-4, we study the theory of pscudo- finite fields (Definition 12. l[l over 
the base variety S. We define the relative Grothendieck ring K (PFFs) in Section 
12.21 and we give a purely geometric proof of quantifier elimination for ring formulas 
over S w.r.t. the theory of pseudo-finite fields, in terms of Galois formulas. 

We briefly illustrate the concept of quantifier elimination by means of a classic 
example. Let C be the first order language consisting of two binary function sym- 
bols, a binary relation symbol, and two constant symbols, to denote +, . , <, and 
1, respectively. These symbols are interpreted in a structure with universe R in the 
obvious way. By abuse of notation, we denote this structure again by R. 
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Tarski proved that R allows elimination of quantifiers, meaning that there exists, 
for each formula ip(vi, . . . , v m ) in C, a formula <p(vi, . . . , v m ) in C 1 without quanti- 
fiers, such that the set of m-tuples (x\, . . . , x m ) € R" 1 for which ip(xi, . . . , x m ) holds 
in R, is exactly the same as the set of m-tuples making the formula <p true in R. In 
other words: every definable subset of R m can be described by a quantifier-free for- 
mula. This is a very important property: it helps us to understand the structure of 
definable sets, since quantifier-free formulas are (in general) more transparent than 
formulas with quantifiers. The key is to find a language describing a particular 
structure that is sufficiently rich to allow elimination of quantifiers, but sufficiently 
simple to keep quantifier- free definable sets transparent. 

Fried and Jarden developed in |19j a quantifier elimination procedure for the 
theory of pseudo-finite fields by introducing so-called Galois formulas (defined in 
SectionOJ. Theorem l4. II gives a purely geometric proof of this result in the relative 
setting. It states that any ring formula over S is equivalent to a quantifier-free 
Galois formula, where equivalent means that they define the same sets when inter- 
preted over an M-valued point of S, with M a pseudo-finite field. 

To define a relative analogue of the Grothendieck ring K™ ot (Vark), we need an 
appropriate theory of motives over an arbitrary base variety S over k. The category 
CMots of constructible effective Chow motives over S is constructed in Section 
as a direct limit of 

n M u s i) 

where 5f runs over the finite stratifications of S into smooth, irreducible locally 
closed subsets, and M.+ (Si) is the category of effective Chow motives over Si defined 

in mi. 

For any finite group G, we construct a functor from the category (G, Vars tC ) of 
S- varieties with good G-action (with proper morphisms), to the homotopy category 
Ho(G,C b (CMots)) of the additive category (G, CMots) of constructible motives 
with G-action. The construction is based on a generalization of the extension prin- 
ciple for cohomological functors , using the existence of constructible resolution 
of singularities over S (Proposition I5.4f> and the existence of a split exact blow- 
up sequence for relative effective Chow motives (Theorem 16. 12[1 . In particular, we 
obtain a morphism of Grothendieck rings 

Xc :K (Var s ) K (CMot s ) 

whose image we denote by K™ ot (Vars). 

We define induction and restriction functors on Ho(G,C b (CMots)) with respect 
to morphisms of finite groups, and we prove their main properties. The most 
important feature of this formalism is the fact that the motive of a quotient variety 
X/G coincides with the G-invariant part of the motive of X (Theorem EE} ■ Using 
the induction and restriction functors, we define a character decomposition of the 
motive of an object in (G,Vars). This decomposition satisfies certain Frobenius 
reciprocity properties (Lemma 17. 181 and Lemma l7.2()(l . 

Now we are ready to construct the motivic realization morphism 

X( C ) : Ko(PFFs) -> K™ ot (Var s ) ® Q 

Quantifier elimination over pseudo-finite fields, and the geometric nature of Galois 
formulas, suggest a natural definition of XM- The subtle part is the proof that 
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equivalent formulas (i.e. formulas for which there exists a definable bijection be- 
tween the sets they define over pseudo-finite fields) define the same motive; this 
follows from the Frobenius reciprocity properties of the character decomposition. 

Finally, we introduce relative arc and jet spaces. If X is a separated scheme of 
finite type over S, the n-th jet scheme C n (X/S) is a separated S-scheme of finite 
type that parametrizes (S /c[i]/(i n+1 ))-valued sections on X. The arc scheme 
C(X/S) is defined as a projective limit of the jet schemes, and is endowed with 
natural projection morphisms 

7r n : C(X/S) -> C n (X/S) 

We define the relative motivic Igusa Poincare series (measuring the jet schemes 
C n (X/S)), as well as the relative geometric Poincare series (measuring the pro- 
jections Tr n £(X/S)) and the arithmetic Poincare series (measuring the projections 
TT n (C(X/ S)(K)) for pseudo-finite fields K). To show that the latter two are well- 
defined, we establish a uniform version of Greenberg's Theorem |23| . based on a 
short new proof of the absolute case. This result guarantees that the projections in 
the definition are measurable (i.e. constructible, resp. definable by a ring formula). 

Let us give an overview of the results in this paper. In Section [21 we formulate 
some basic results concerning Galois covers and pseudo-finite fields, and we intro- 
duce the relative Grothendieck ring of the theory of pseudo-finite fields. In Section 
we define relative Galois stratifications, as well as some basic operations on these 
stratifications. Sectionals devoted to a geometric proof of the elimination theorem 
(Theorem 14. 111 . 

In Section|Sl we prove the existence of constructible equivariant resolution of sin- 
gularities for varieties over S with an action of a finite group, and a constructible 
equivariant Hironaka-Chow Lemma. Section H3 is devoted to the theory of con- 
structible motives over S. Sections 16 .31 to IrT^l contain some important properties of 
relative effective Chow motives over a smooth base, in particular the existence of a 
split exact blow-up sequence fThcorcm l6.12|l . In Sect ion lb"Sl we define our category 
of constructible motives over S. The generalized extension criterion for cohomo- 
logical functors is stated in Section IfT^l and applied in Section rfi.lOl to associate a 
constructible motive with G-action to any ^-variety X with good G-action. 

We define a character decomposition for constructible motives in Section and 
we prove its main properties. A crucial result in this context is the fact that the 
motive of a quotient X/G coincides with the G-invariant part of the motive of 
X (Theorem I7.8|) . In Section [5J Theorem 18.71 we construct a motivic incarnation 
morphism 

X (c) : Ko(PFF s ) - K™ ot {Var s ) ® Q 

for the relative theory of pseudo-finite fields. 

Finally, in Section [5J we introduce relative arc and jet spaces, and we prove a 
uniform version of Greenberg's Theorem, which allows us to define the three relative 
motivic Poincare series. 

This paper borrows basic notions and techniques from first order logic and model 
theory. A nice introduction to these fields is given in |32J. In the absolute case 
S = Specfc, we recover the construction by Denef and Loeser JSj- In our proofs, 
however, we avoided any passage to finite fields, and hence any reference to ultra- 
products, merely using the geometric-arithmetic properties of pseudo-finite fields 
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established in Sectional Our proof of the quantifier elimination property in Thco- 
rem l4.1l relies entirely on the existence of a certain short exact sequence of algebraic 
fundamental groups. We hope this makes the presentation more accessible to non- 
model theorists. 

Throughout the paper, k denotes a field of characteristic zero. A variety over a 
scheme S is a separated reduced scheme, of finite type over S. For any scheme S, 
we denote by S re d the underlying reduced scheme. 

2. Pseudo-finite fields 
2.1. Pseudo- finite fields and Galois covers. 

Definition 2.1. A pseudo- algebraically closed field (PAC-field) is a field M, such 
that every geometrically irreducible M -variety has an M -rational point. 

A pseudo-finite field M is an infinite perfect PAC-field, which has exactly one 
field extension of degree n, for every integer n > 0, in a fixed algebraic closure of 
M. 

Every field can be embedded in a pseudo-finite field 23.1.2]. An algebraic 
extension of a PAC field is PAC, by |191 11.2.5]. As a consequence, a finite exten- 
sion of a pseudo-finite field is pseudo-finite. Every finite extension of a pseudo-finite 
field is cyclic. Ax ,3] proved that two ring formulas over Q are equivalent when 
interpreted in ¥ p , for all sufficiently large primes p, if and only if they are equiv- 
alent when interpreted in K, for all pseudo-finite fields K containing Q . Hence, 
pseudo-finite fields allow you to solve certain problems concerning finite fields in 
characteristic zero. 

Definition 2.2 (Galois cover). A Galois cover h :Y — » X (also denoted by Y/X ) is 
an Stale morphism of separated, integral, normal schemes, satisfying the following 
property: there exists a finite group G, acting faithfully on Y , and h : Y — > X is a 
guotient map for this action V.l]. 

The group G (the group of X -automorphisms ofY) is called the Galois group of 
the Galois cover Y/X, and is denoted by G(Y/X). 

Definition 2.3 (Decomposition group). Let h : Y — > X be a Galois cover, and 
let Z — > X be a morphism of separated, integral, normal schemes. Let Z' be a 
connected component ofY Xx Z. The Galois group G(Y/X) acts on Y Xx Z. The 
decomposition group Dy/x{Z' /Z) of Z at Z' with respect to Y/X, is the subgroup 
of elements of G(Y/X) which map the component Z' to itself. It coincides with the 
decomposition subgroup Dy/x(vz' /vz), where rjz 1 and r\z are the generic points of 
Z' , resp. Z. 

The morphism Z' —> Z is a Galois cover, and the decomposition group of Z at 
Z' is canonically isomorphic to the Galois group G(Z'/Z) — G{r\z'/r\z)- As Z' 
runs through the connected components ofYx x Z, the decomposition group of Z 
at Z' runs through its conjugation class in G(Y/X). We call this conjugation class 
the decomposition class of Z (w.r.t. Y/X), and denote it by Cy/x{Z)- 

We list three easy properties of the decomposition group for later use. 



A ring formula over a field k is a logical formula tp built from Boolean combinations of 
polynomial equalities over k, and quantifiers. 
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Lemma 2.4. Let Y/X be a Galois cover, let M be a field, and let x be an M- 
valued point on X . Let x' be a connected component ofY Xx x. Then Dy/x{x' fx) 
is the smallest subgroup H of G(Y/ X) , such that the point x — * X lifts to a point 
x — > Y/H, making the diagram 

Y < x' 

I I 

Y/H < x 

commute. 

Lemma 2.5. Let Y/X be Galois cover, let V be a separated, normal, integral 
scheme over X , and let W be any connected component of V Xx Y. Let A be a 
separated, normal, integral scheme over V , and let B be any connected component 
of A x v W . If we denote by B' the image of B in A x x Y, then D Y /x(B' /A) = 
Dyy/ V (B /A) (where we view both sides as subgroups of G(Y/X)). 

Lemma 2.6. Let Z/X be Galois cover, let H be a normal subgroup of the Galois 
group G(Z/X), and let Y be the quotient Z/H. Let V be a separated, integral, 
normal scheme over X, let Vz be any connected component of Z Xx V, and let Vy 
be its image in Y Xx V. Then D y /x(Vy /V) is the image of D z / x (Vz /V) under 
the restriction map G{Z / X) -> G(Y/X). 

A valuable property of pseudo-finite fields is given in the following lemma; see 
[191 24.1.4] (pseudo-finite fields are Frobenius fields). 

Lemma 2.7. Let Y — > X be a Galois cover, where X and Y are varieties over a 
pseudo-finite field M of characteristic zero, and X is geometrically irreducible over 
M. Denote by N be the algebraic closure of M in the function field k(Y). If H 
is a cyclic subgroup of the Galois group G(Y/X), such that the image of H under 
the restriction morphism G(Y/X) — > G(N/M) is the whole Galois group G(N/M), 
then there exist an M -rational point x on X such that H belongs to Cy/x( x )- 

This lemma can be seen as an "optimal lifting property" : for each reasonable 
candidate, you find a rational point x on X with the desired decomposition group. 

Lemma 2.8. Let Y — > X a Galois cover, with X and Y varieties over k. If 
C =< a > is a cyclic subgroup of the Galois group G(Y/X), then there exists a 
closed M -valued point x on X , with M a pseudo-finite field, such that C belongs to 
Cy/x{ x )- Moreover, these points are dense in X. 

Proof. If U is a non-empty open subscheme of X, then Y Xx U/U is & new Galois 
cover with the same Galois group. Hence, if there exist one such x, these points 
are dense in X. 

Let k' be the algebraic closure of k in the function field k(X) of X. There exists 
a nonempty open subset U of X, such that U is defined over k' . Hence, we may 
assume that k = k' . 

Let K be the algebraic closure of k in the function field k(Y), let a' be the image 
of a in G(K/k), and denote by K a its fixed field. Since G(K/K a ) is cyclic, there 
exists a pseudo-finite extension M of K a , which is linearly disjoint from K over 
K°\ by [El 23.1.1]. 

The embedding of K a in K defines a connected component Y' oiY x^. K a . 
The cover Y'/X x k K a is Galois, and its Galois group is the decomposition group 
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of X Xfe K a at Y' w.r.t. Y/X. It contains the element a. Since M is linearly 
disjoint from K over if a , the space Y' x K „i M is connected, and the Galois group 
G(Y' x K<7 ' M/X XfeM) is isomorphic to G(Y' /X XkK a ). In particular, it contains 
cr (if we identify G(Y' X K „> M/X x k M) with its image in G(Y/X)). 

By Lemma 1^771 we can find a M-rational point x on X x k M, whose decomposi- 
tion class w.r.t. Y' x RC7 > M/X x^M contains C. By LemmaED its decomposition 
class w.r.t. Y/X contains C, as well. □ 

Remark. Lemma 12.81 can be seen as a (weak) pseudo-finite version of Artin- 
Chebotarev's Density Theorem |35| : assume that X, Y are irreducible schemes 
of finite type over Z, of dimension > 1, and that Y/G = X for some finite group G 
acting on Y, such that G operates freely on Y, and faithfully on the residue field 
of the generic point of Y. If C is any subset of G, stable under conjugation, then 
the set of closed points x of X for which F x E C, has Dirichlet density equal to 
|G|/|G|. Here F x is the Frobenius element in G(k(y)/k(x)), where y is some closed 
point of Y, lying over x. □ 



2.2. The Grothendieck ring of the theory of pseudo-finite fields. Let S — 

Speci? be an affine scheme. We consider the relative Grothendieck ring Kq(PFFr) 
of the theory of pseudo-finite fields over R. As an abelian group, it is generated by 
classes [if], where p is a ring formula over i?, which are subject to the relations 

(1) [<pi V p 2 ] = [</>i] + [<P2] - [<pi A ips], 

whenever (pi and p 2 have the same free variables. For any pair of ring formulas 
cpi, if2 over i?, with free variables, we impose the additional relation [tpi] — [1P2], 
whenever there exists a ring formula ip over R such that, for any pseudo-finite field 
M and any element x of S(M), the interpretation of 4> over M defines the graph of 
a bijection between the tuples over M satisfying <p±, and those satisfying tp 2 - Ring 
formulas over R are interpreted over M in the obvious way, via the ring morphism 
R — > M corresponding to x. We denote this equivalence relation on ring formulas 
over R by ipi =5 tpx, and we say that ip defines an equivalence between tpi and 
if2 over S. If f is a ring formula without free variables, we make ip equivalent to 
ip' := <p A (v = 0), where v is a (free) variable, and we impose [tp] = [ip']. 

Example: Definable bijections. Let k be a field of characteristic zero, and put 
R = k[z], and S = Speci?. Let fi(xi) and ^(^2) be polynomials in one variable 
over k, and consider the ring formulas <p\ = = z" and ip2 — "/a (^2) = 

over R. Suppose that, for each point zq of S, and each field extension M of k(zo), 
the number of elements x\ that satisfy <pi over M , equals the number of elements 
x-i that satisfy ip% over M. 

A trivial example is the case where f± and f 2 are linearly related, i.e. there 
exist a, b in R, with a a unit, such that f 2 (x) = fi{ax + 6). The ring formula 
ip = "xi = ax 2 + 6" defines an equivalence between <p\ and (p 2 over S. 

On the other hand, suppose deg(fi) — deg(f 2 ) = n. For each integer m > 0, and 
for i = 1,2, there exists a ring formula r\i^ m over i?, without free variables, such that, 
for each point zq of S = Speci?, and each field extension M of k(zo), the formula 
iji,™, is true over M, iff the equation fi{x) = zq has exactly m distinct solutions 
over M. Hence, we can build a ring formula rj over i?, without free variables, such 
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that for each point zo of S, and any field extension M of k(zo), the formula 77 is 
true over M, iff the solutions of fi(xi) = zo over M are in bijective correspondence 
with the solutions of ji{xi) = zq over M. However, this does not mean that we 
can define (the graph of) such a bijection by means of a ring formula over R. So, 
even if rj is true for all Zq and all M, we cannot conclude that (pi =<? <p>2- 

□ 

We emphasize that, in our definition of =5, it is important to consider every 
point of S, not only the closed points. For example, let p be a prime number, and 
let R be the local ring of SpecZ at (p), with closed point x, and generic point rj. 
Then (p.l = 0) = x (1 = 1), while (p.l = 0) ^ v (1 = 1). 

However, when R is a ring of finite type over Z, and tp± , ^2 , are rm g formulas 
over i?, then 1/) defines an equivalence of <pi and tp>2 over S 1 , iff, for each closed point 
x of S, the formula ^ defines an equivalence of tpi and tp2 over x. This follows from 
Ax' characterization of pseudo-finite fields as ultraproducts of finite fields 

In fact, we will show in Section^] Corollarv l4.5l that the same holds when R is a 
ring of finite type over any field k of characteristic zero, using quantifier elimination. 

Ring multiplication in the Grothendieck ring is induced by taking the conjunction 
of formulas in disjoint sets of free variables: if <p\ and ip2 are ring formulas over 
R, with disjoint sets of free variables, then we put [</?i].[y>2] : — Vpi A p>2\- This 
operation is well-defined, and extends bilinearly to a ring product on Ko(PFFr). 

In order to understand the ring Kq(PFFr), we need a relative quantifier elimi- 
nation procedure, which is described in Section^ 

If S is, more generally, a Noetherian scheme, we define Kq(PFFs) as the ring of 
global sections of the unique Zariski-sheaf J-(S) of rings on S, such that, for each 
affine open subscheme U = SpecV of S, the ring of sections J r (S')(J7) is equal to 
Kq(PFFv). If S = Yii Ui is a finite stratification of S into locally closed affine 
subschemes Ui, the sheaf J-'(S) equals Yli3\ J~(Ui), where is the inclusion of 
Ui in S. This is a consequence of relation 0J, since, for each / in R, and each ring 
formula <p over R, we have [<p] = [<p A / = 0] + [<p A / ^ 0]. 

Similarly, a ring formula ip of S consists of a finite stratification S = \J i U of S 
into locally closed affine subschemes U — Spec Ri, and a ring formula <pi over Ri 
for each i. A ring formula ip over S defines a class [ip] in Kq(PFFs). A quantifier- 
free ring formula ip with m free variables defines a constructible subset of A™. For 
any ring formula tp over 5, in m free variables, for any point x on S, and for any 
pseudo-finite field extension M of k(x), we will denote by Z(p, x, M), the subset of 
M m consisting of the tuples satisfying the interpretation of ip over M. 

If T is another Noetherian scheme, endowed with a morphism / : T — > S, it is 
clear how to pull back a ring formula over S to a ring formula over T. 

Lemma 2.9. A morphism f : T — > 5 induces a pull-back morphism 

f* : Ko(PFF s ) -» Kq(PFFt) 



Proof. If ip,ipi,tf2 are ring formulas over 5, such that ^ defines an equivalence 
between 991 and ^2, the pull-back of ^ defines an equivalence between the pull- 
backs of ip 1 and ^2- D 
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3. Galois stratifications 

3.1. Definitions. We start by recalling the concepts of Galois stratification and 
Galois formula; see QH §30] and [T31 §2]. 

We fix a field k of characteristic zero, as well as an irreducible fc-variety S, and 
we will work in the category (Vars) of varieties over S. 

Definition 3.1. Let X$ be a variety over S. A normal stratification 

<X s ,Ci/Ai\iGl> 

of Xs, is a partition of X$ into a finite set of integral and normal locally closed 
S-subvarieties A%, each equipped with a Galois cover Ci — > A{. 
A Galois stratification 

A =< X s , Ci/Ai,Con(Ai) | i e I > 

is a normal stratification < Xs,C'i/Ai \ i E I > with, for each i £ /, a family 
Con(Ai) of cyclic subgroups of the Galois group G(Ci/ Ai), such that Con(Ai) is 
stable under conjugation. We call Con(Ai) a conjugation domain for the cover 
Ci/Ai. The support of A is the union of strata with non-empty conjugation domain. 

For each point x of the base scheme S, and for each S- variety Zg, we denote 
by Z x the fiber of Z$ over x, endowed with its reduced structure. Let A be a 
Galois stratification of Xs, let i be a point of S, let M be a field extension of 
k(x), and let a be an M-valued point of X x , belonging to a stratum A^ x . We put 
Ar(d/Ai,x,a) := C Cz / Az (a). We write Ar(a) C Con(A) for Ar(Ci/Ai,x,a) C 
Con(Ai). To these data, we associate a subset Z of Xg{M) as follows: 

Z(A,x,M) = {ae X X (M) | Ar{a) C Con{A)} 

By Lemma |2~H1 the set Z(A, x, M) is empty for all pseudo-finite field extensions M 
of k(x), iff the fiber of the support of A over x is empty. 

Let A =< A™ +n , Ci/Ai, Con(Ai) \i G I > be a Galois stratification of A™ + ™, and 
let Qi, . . . ,Q m be quantifiers. We denote by 8, or by 6*(Y), the formal expression 

[QxXx) . . . (Q m X m )[Ar(X,Y) C Con(A)} , 

where X = (Xi, . . . , X m ), and Y = (Yy, . . . , Y n ). We call 0(Y) a Galois formula 
over S in the free variables Y. 

To a Galois formula 6, to a point x of S, and to a field extension M of k(x), we 
associate the set 

Z(9, x, M) = {b =(&!,... , b n ) £ M n | (Q iai ) . . . (Q m a m )Ar(a, b) c Con{A)} 
where the quantifiers Qiai, . . . , Q m o. m run over M. 

3.2. Ring formulas as Galois formulas, ft is easy to see how ring formulas 
over S can be rewritten as Galois formulas. Working locally, we may suppose 
S = Speci?. Let <£>(Y) be a formula in the first order language of rings with 
coefficients in R, and in the free variables Y. Writing ip in prenex normal form, we 
obtain a formula 

k I 

(Q 1 X 1 )...(Q m X m )[\J f\ /,. ; iX.Y: (I ' H..AX.Y: , .1 

t=ij=i 

with fi t j and g^j in i?[X, Y]. The formula between brackets defines a constructible 
subset W of A™ +Tl , and we can always find a stratification of A™ + ™ into finitely 
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many locally closed, integral, normal S'-subvarieties A%, such that each stratum Ai 
is either contained in W , or in its complement. For each i, we take the Galois cover 
Ci — > Ai to be the identity and we define Con(Ai) as the family containing only 
the trivial group if Ai is contained in W, and as the empty family otherwise. In 
this way, we obtain a Galois formula 9, satisfying Z(9, x, M) = Z(ip, x, M) for each 
point x of 5, and each field extension M of k(x). 

3.3. Galois formulas as ring formulas. Now, we show how Galois formula 9 can 
be rewritten as ring formula ip, such that Z{9, x, M) = Z(tp, x, M) for each point x 
of S, and each field extension M of k(x). We may suppose that S = Speci?. It is 
sufficient to construct, for any integral, normal, locally closed subset A of A™, for 
any Galois cover C/A, and for any cyclic subgroup H of G(C/A), a ring formula 
(pc/A,H with the following property: for any point x of S, and any field extension 
M of k(x), the set Z(if C /^ H ,x,Al) is the set of points a in A X (M), such that 
H e C c /a(o). 

The locally closed subset A can be defined by means of a ring formula ipA over 
R in to free variables. Any etale cover D of A can be defined by means of a ring 
formula ipo over R in m + i free variables, for some integer i > 0, such that the 
morphism C — > A corresponds to projection on the first m coordinates. Now we 
can use Lemma |2 .41 to construct the formula ipc/A.H- 

Hence, using Galois formulas instead of ring formulas does not alter the class of 
definable sets. The advantage of the new formalism is the property of quantifier 
elimination, as we will see in Theorem 14.11 

3.4. Refinement of Galois stratifications. Let X$ be an 5-variety, and let 
A =< Xg, Ci/Ai, Con(Ai) > be a Galois stratification. 

Suppose that each Ai is stratified into finitely many integral, normal, locally 
closed subvarieties Aij. We will extend this stratification to a Galois stratification 
A' =< Xg,Cij /Aij,Con(Aij) >, such that for each point x of S, and each field 
extension M of k(x), 

Z(A, x, M) = Z(A', x, M) 
Fix a stratum Ai j, and let Cij be a connected component of Ci Aij. The 
projection dj — > Aij is a Galois cover, and its Galois group G(Cij /Aij) is the 
decomposition group of Ci/Ai at Cij. We choose Con(Aij) to be the conjugation 
domain consisting of the members of Con(Ai) which are contained in G(Cij/Aij). 
It follows from Lemma I2~5l that the resulting Galois cover A' satisfies our require- 
ments. We say that A' is induced from A by the refinement {Aij}. 

3.5. Pulling back Galois stratifications. The preceding refinement procedure 
is a special case of a more general construction. Let / : Y — > X be any morphism 
of irreducible S 1 - varieties, and let A be a Galois stratification of X. We pull back A 
to a Galois stratification B on Y as follows: as underlying stratification, we choose 
any stratification of Y into finitely many integral, normal, locally closed subsets 
Bj, which is finer than the inverse image of the stratification of X. 

Suppose / maps Bj into A4, and let Dj be any connected component of Bj x^. 
Ci. The projection Dj — ► Bj is a Galois cover Dj of Bj, and the Galois group 
G(Dj/Bj) is Dci/AiiDj / Bj). We define the conjugation domain Con(Bj) as the 
set of members of Con(Ai) which are contained in G(Dj / Bj). 

We say that B is induced from A by /. This construction is not canonical, but 
all choices of a stratification correspond to equivalent Galois formulas, i.e. the sets 
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Z(B, x, M) do not depend on any choices: for any point x on S, any field extension 
M of k(x), and any point a of Y X (M), we have 

a e Z(B, x, M) iff f(a) E Z(A, x, M) 

by Lemma 1231 

3.6. Inflating a Galois stratification. Let C/A be a Galois cover, and let Con(C J A) 
be a conjugation domain for this cover. Suppose that D/A is a Galois cover that 
dominates C/A (i.e. D — > A factors through C — * A). We define Con(D/A) as 
the set of cyclic subgroups of G(D/A), whose image under the projection map 
G(D/A) — > G{C/A) belongs to Con{C/A). This conjugation domain has the fol- 
lowing property: for any field M, and any M- valued point x on A, Cjj/a(x) C 
Con(D/A) iff C c/A (x) C Can(C/A), by Lemma EH We say that Con{D/A) is 
obtained by inflating the conjugation domain Con(C/A) to the cover D/A. 

Let X be an irreducible S- variety. We say that a Galois stratification 

A! =< X, C'/Ai, CcmiC'JA'i) i e I > 

is obtained from a Galois stratification 

A =< X, Ci/A h Con{C l /A l ) \iel > 

by inflation, if Ai = A[ for every i £ I (modulo a permutation of the indices), if 
C[/Ai dominates Ci/Ai for every i £ /, and if the conjugation domain Con(C[/Ai) 
is obtained from Con(Ci/Ai) by inflation. In this case, 

Z(A, x, M) = Z(A\ x, M) 

for any point x on 5*, and any field extension M of k(x). 

3.7. Conjunction and disjunction of Galois stratifications. Let X be a va- 
riety over S. Consider Galois stratifications 

A =< Y, C l /A tl Con{Ai) > and B =< Y, I), /,',:■ > 

We will construct (non-canonical) Galois stratifications A V B and A A B with the 
following property: for any point x on S, and any field extension M of k{x), 

Z(AvB,x,M) = Z(A,x,M)UZ(B,x,M) 
Z(A A B, x, M) = Z(A,x,M)nZ(B,x,M) 

After a refinement, we may assume that A and B have the same underlying strati- 
fication of X. After an inflation process, we may even assume that the underlying 
normal stratifications coincide. For any i £ /, we define the conjugation domain 
for Ci/Ai in the Galois stratification A V B (resp. A f\B) as the union (resp. the 
intersection) of the corresponding conjugation domains in A and B. 

3.8. Product of Galois stratifications. Let X and Y be varieties over S. Con- 
sider Galois stratifications 

A =< X, Ci/A h Cmi{A t ) > and B =< Y, Dj/B h Con{B 3 ) > 

We will construct a (non-canonical) Galois stratification AxsBoiXxsY, such 
that, for any point x on S 1 , and any field extension M of k{x), we have 

Z(A x s B,x,M) = Z{A,x,M) x Z{B,x,M) c (X x s Y) x (M) 

Denote by Tt\ and TT2 the projections of X Xg Y on X, resp. Y. Pull back the 
Galois stratifications A and B to Galois stratifications A' and B' of X x 5 Y , via 7Ti 



RELATIVE MOTIVES AND THE THEORY OF PSEUDO-FINITE FIELDS 



11 



and 7T2. After a refinement, we may assume that the underlying stratifications of 
A 1 and B' coincide. Let U be a stratum. Let C /U and D'/U be the Galois covers 
from A', resp. B', with conjugation domains Con(C /U) and Con(D' /U). Let V/U 
be any Galois cover dominating both C'/U and D'/U. We define a conjugation 
domain Con(V) as the intersection of the inflations of Con{C /U) and Con(D' /U) 
to V/U. The constructed Galois cover has the desired property. 

3.9. Conjunction, disjunction and product of quantifier-free Galois for- 
mulas. Fix integers m,n > 0, consider Galois stratifications 

A = < Ag\ Ci/Ai,Con(Ai) > and B =< k n s , Dj/B h Con{Bj) > 

and denote by 9 a and 9b the corresponding Galois formulas. 

If m = n, then we define Ba^®b an d #a A0g as the Galois formulas corresponding 
to the Galois stratifications A V B, resp. A A £>. 

For any m,n, we define f?_4 Xs @B as the Galois formula corresponding to the 
Galois stratifications Ax$ B. 

The Galois formulas are not canonically defined, but the sets Z(.,x,M) they 
define are independent of any choices, for any point x of S and any field extension 
M of k{x). 

4. Quantifier elimination for Galois formulas 

Theorem 4.1 (Relative quantifier elimination). Let S be a variety over a field k of 
characteristic zero. Let A be a Galois stratification of A™ +n , and let 9 be a Galois 
formula 

(Q x Xi) . . . (Q m X m )[Ar(X,Y) c Con(A)} 

There exists a Galois stratification B of Ag such that, for each point x of S , and 
each pseudo-finite field M containing k{x), 

Z(9,x,M) = Z(B,x,M) 

The absolute case S = Spec A: was proven in ^]. The relative case can im- 
mediately be reduced to the absolute one, but we prefer to give a direct, purely 
geometric proof, the novelty being the use of the exact sequence of algebraic fun- 
damental groups. 

Theorem 14. il follows from the elimination procedure in Lemma |4.3I and Lemma 
14.41 below. First, we need an auxiliary result. 

Lemma 4.2. Let f : Y — » X be a proper, smooth morphism of irreducible k- 
varieties, let V be a relative strict normal crossing divisor on Y over X 2 , put 
U = Y \ V, and let g : Z — > U be a finite etale morphism of irreducible k-varieties. 
Ifk(X) is algebraically closed in k{Z), then the fibers of h :— fog are geometrically 
irreducible. 

Proof. Let z be any geometric point on U , and put x = f o z. We denote by U x 
and Z x the fibers of U, resp. Z, over x. 

By PO, Expose XIII, Lemme 4.1 and Exemples 4.4, there exists an exact homo- 
topy sequence for the morphism f\u : U — ► X of the form 

iri(U x ,z) — — > 7Tl([/,z) — — > tt 1 (X,x) > 1 



! The definition of a relative strict normal crossing divisor is recalled in Definition 15. 21 
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If Z x were not connected, we could find a non-trivial etale cover E of U, domi- 
nated by Z, such that E admits a section over U x : it suffices to take the quotient of 
Z by the decomposition subgroup of U x at any connected component of Z x w.r.t. 
Z/U. 

By (33 5.2.5], the fact that ker(f2) is contained in im(/i), has the following 
geometric interpretation: for any connected etale cover E of U , such that the 
restriction over U x admits a section, there exists an etale cover E' of X, and a 
[/-morphism from a connected component C of E' Xx U to E. 

However, since k(X) is algebraically closed in k(Z), any such E is trivial. Hence, 
Z x is connected. □ 

Lemma 4.3 (Elimination of an existential quantifier). For every Galois stratifica- 
tion A of A™ + , there exists a Galois stratification B of A™, such that, for each 
point x of S, for each pseudo-finite field extension M of k(x), and for each point b 
of A™(M), the condition Ar(b) C Con(B) is equivalent to 

(3a £ A" +1 (M))(7r(a) = b A Ar(a) C Con(A)) 

where tt : A™ +1 — > A™ is the projection on the first m coordinates. 

Proof. Let A be a Galois stratification of A™ +1 . Refining 

A =< A™ +1 , Ci/Ai,Con(Ai) \ i £ I > 

if necessary, we may suppose that there exists a finite stratification {Bj}j e j of A™ 
into normal, integral, locally closed subsets, such that for any i £ I, there exists an 
index j (i) £ J such that n : Ai — > A™ factors through a smooth surjective morphism 
7r : Ai — > Bjuy This stratification is constructed using generic smoothness and 
Noetherian induction. 

For each j e J, and each i £ I with — j, we will construct a Galois cover 
Dj/Bj and a conjugation domain Con(Dj/Bj) with the following property: for any 
pseudo-finite field M, and any M-valued point b on Bj, C D i/ B .(b) C Con(Dj/Bj) 
iff there exists an M-valued point a on Ai with 7r(a) = b and Gc i jA i ( a ) C Con(A i ). 
Dominating the covers Dj/Bj by a common Galois cover Dj/Bj and inflating the 
conjugation domains, we may suppose that all the covers Dj/ ' Bj coincide. Finally, 
we put Con(Bj) := \J ieI j^ = jCon(D l j/Bj), and 

B :=< A™, Dj/Bj, Con(Bj) > 

The Galois stratification B satisfies the requirements. 

We fix j G J, and i £ I with j — j(i). We'll simply write C/A, D/B and 
Con{B), instead atd/M, Dj/Bj and Con(D)/Bj). 

We will distinguish two cases: either the dimensions of A and B agree, or dim A = 
dim 5 + 1. 

Case 1: dimA=dimB. Stratifying B if necessary, we may suppose that 7r : A — > 
£? is etale and finite. Hence, C is an etale cover of B, and can be dominated by a 
Galois cover D — > _B. We define Con(B)' as the inflation of Con(A) to I? /A, and 
Con(B) as the smallest conjugation domain in G(D/A) containing Con(B) 1 . Here 
we consider G(D/A) as a subgroup of G(D/ B). 

Case 2: dimA=dimB + 1. Then 7r : A — > _B factors through an open immersion 
A -> Spec Ob [t]. 

If we denote by D the normalization of -B in the algebraic closure of k(B) in 
fc(C), then D is a Galois cover of B. Intuitively, this construction extracts the 



RELATIVE MOTIVES AND THE THEORY OF PSEUDO-FINITE FIELDS 



13 



Galois action on the base B from the cover C/A. The cover C/A factors through 
the Galois cover A x b D ^ A, and 

(2) G(A Xb D/A) = G(D/B) 

Let Con(B) be the conjugation domain, obtained by restricting the elements of the 
members of Con(A) to G(D/B) via 

G{C/A) -> G(A x B D/A) = G(D/B) 

Let i be a point of S, let M be a field extension of k(x), and let b be a point 
of B X (M). First, suppose that there exists a point a of A(M), with n(a) = b, such 
that C c /A( a ) C Con(A). Since C D / B {b) is obtained from Cc/^(a) by restriction 
(by Lemma |2~B1 and the isomorphism C D / B {b) C Con(B). 

Now suppose, conversely, that C D / B {b) C Con(B), and that M is pseudo-finite. 
Let 6' be a point on the fiber of D/B over 6. Its decomposition group is an element 
Hq of Con(B). We denote its residue field k(b') by iV. 

Put Fy = Axsb', and let CV be the inverse image of Fy under the Galois cover 
C/A Xb D. Stratifying the base B, we may suppose that the complement of A in 
Spec Ob [t] is either empty, or etale and finite over B. This means, in particular, 
that A Xb D is the complement in D x P 1 of a divisor with normal crossings, 
relative to D. By Lemma 14.21 this implies that CV is geometrically connected 
over k(b'). Hence, the decomposition group DciaxbD^Pv I Fy) is the whole Galois 
group G(C I A Xb D), i.e. the Galois action of C/A Xg D is concentrated on the 
fibers. 

By definition of Con(B), there exists an element Hi of Con(A), such that Hq 
is the image of Hi under the restriction morphism G(C/A) G(D/B). Let Ff, 
be the fiber of A over b, and consider the induced Galois cover Cy/Ff,. Since 
CV is geometrically connected over k(b'), the algebraic closure of M in k(Cb>) is 
N. By Lemma 12.71 there exists a point a of F(,(M) with decomposition group 
Hi G Con(A). □ 

Lemma 4.4 (Elimination of a universal quantifier). For every Galois stratification 
A of A™ + , there exists a Galois stratification B of A™, suc/i £/iat, for each point 
x of S , for each pseudo-finite field extension M of k(x), and for each point b of 
A" 1 (M), the condition Ar(b) C Con{B) is equivalent to 

(Va S A™ +1 (Af))(7r(a) = b ^ Ar(a) C Con{A)) 

Proof. We will deduce Lemma T4 . 41 from Lemma fOl Let A c be the complementary 
Galois stratification of A; this means that A c has the same underlying normal 
stratification, but for each stratum A iy the conjugation domain Con c (Ai) associated 
to Ai by A c consists of the cyclic subgroups of G(Ci/Ai) that do not belong to 
Con(Ai). Lemma f4 . 31 produces a Galois stratification B c of A™; its complement B 
satisfies the requirements. □ 

Repeatedly applying Lemma 14.31 and Lemma 14.41 proves Theorem 14. II 

Corollary 4.5. Let S be an irreducible k-variety, and let (pi,ip2,i/> be ring formulas 
over S. Then if) defines an equivalence of ipi and ip2 over the generic point r\ of S , 
iff ip defines an equivalence of ipi and tp2 over each closed point x in a dense open 
subset U of S. 
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Proof. The property '"0 defines a bijection between tpi and ^2' is definable by a 
sentence 9, i.e. a ring formula over S without free variables. Hence, it suffices to 
show that 9 is true in every pseudo- finite extension of k(rj), iff it is true in every 
pseudo- finite extension of k(x), for each closed point x in some dense open subset 
UofS. 

By the elimination theorem, we may suppose that 9 is a Galois formula without 
quantifiers and without free variables. Let U be the stratum of the corresponding 
Galois stratification, containing r\. Let C/U be the associated Galois cover, and 
Con{U) its conjugation domain. 

The interpretation of 9 is true, in every pseudo-finite extension of k(rj) , iff Con(U) 
contains the decomposition classes of C/U at all pseudo- finite extensions of k(rf). 
By Lemma \2. 81 applied to the Galois cover k(C)/k(rj), this is the case iff Con(U) 
contains all cyclic subgroups of G(C/U). Again by Lemma 12.81 this is, at its 
turn, equivalent to saying that the interpretation of 9 is true, in every pseudo-finite 
extension of every closed point x of U. □ 

Corollary 4.6. As an Abelian group, the Grothendieck ring Kq(PFFs) is gener- 
ated by classes of the form [ipy/x.c]; where Y/X is a Galois cover of affine normal 
irreducible S-varieties, and C is a cyclic subgroup of G(Y/X) (see Section HOI for 
the definition of the formula <Py/x,c )■ 

Proof. By the elimination theorem, Kq(PFFs) is generated by the classes of (ring 
formulas corresponding to) quantifier-free Galois formulas 9. Writing the conjuga- 
tion domain of 9 as a union of conjugation classes of cyclic groups, we see that the 
class of 9 in Kq(PFFs) can be written as a sum of classes of the form [fy/x.c]- D 

5. CONSTRUCTIBLE RESOLUTION OF SINGULARITIES 

5.1. Varieties with good group action. Let S be a variety over a field k of 
characteristic zero, and let G be a finite group. If X is any variety over S, a 
good G-action on X is an action of G on X, such that the structural morphism 
X — > S is equivariant (where S carries the trivial action) , and such that every orbit 
is contained in an affine open subscheme of X (this is automatic if X is quasi- 
projective over S). We define the Grothendieck group K$(Vars) as follows: start 
with the free abelian group on isomorphism classes [X] of S-varieties X with good 
G-action, and consider relations of the form [X] = [Z] + [X \ Z], where Z is a 
G-invariant closed subvariety with the induced G-action. The fiber product over 
S induces a ring product on Kq (Vars). If X is an S- variety, and Si is a locally 
closed subset of S, we denote by Xs t the 5j-variety (Ixj Si) re d- 

For any morphism of fc-varieties / : S' — > S ', there is a base-change morphism of 
rings 

f* :K^(Vars)^K^{Var S ') 
For any morphism of finite groups G — * G', there is a forgetful morphism 

K^' (Var s ) ^K^f (Var s ) 
If G is the trivial group {e}, we write Ko(Var$) instead of K$(Vars)- 

5.2. Resolution of singularities. Let S be a variety over a field k of characteristic 
zero. 
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Definition 5.1. An admissible stratification is a finite stratification 5? — {Si, . . . , S p } 
of S into smooth, irreducible, quasi-projective, locally closed subvarieties Si. 

Definition 5.2 ( 1 , XIII. 2.1). Let X be a smooth S-variety. A strict normal cross- 
ing divisor relative to S on X is a divisor on X , with the following properties: 

• the prime components of D are smooth over S , 

• at any point x on X , these components are locally defined by fi = 0, i = 
1, ...,r, with fi(x) = 0. The scheme V(/i,...,/ r ) is smooth over S, of 
codimension r in X . 

Definition 5.3. A resolution of singularities for a variety X over S , is a compo- 
sition of blow-ups with S-smooth centers h : X' — > X , such that X' is smooth over 
S , and such that the exceptional locus E of h is a strict normal crossing divisor 
relative to S. 

If S — Spec A:, any variety X over S admits a resolution of singularities, by 
Hironaka's famous result [2Hj. This does not hold for arbitrary S. The following 
result is a constructible version of resolution of singularities over S. 

Proposition 5.4 (Constructible resolution of singularities). For any variety X 
over S, there exists an admissible stratification — {Si \ i £ 1} of S, such that for 
any i £ I, the variety (X x,s Si) re d admits a resolution of singularities over Si. 

If G is a finite group, and X carries a good G-action, then all the blow-ups 
in the resolution can be chosen to have G-closed centers, so that the resolution 
of singularities is G-equivariant. Moreover, if V is a G-closed, closed subvariety 
of X , we can find a resolution by blow-ups of smooth G-closed centers, such that 
the union of the exceptional locus with the inverse image of V is a strict normal 
crossing divisor relative to S. 

Proof. It suffices to prove that there exists a non-empty open subvariety U of S, 
such that X x$ U admits a resolution over U by blow-ups with G-closed centers. 
The theorem then follows by Noetherian induction on S. 

By G-equivariant uniformization of ideals §7], the result holds for the fiber 
X n of X over the generic point r/ of S. Hence, it suffices to prove the following 
claims. 

1. If X n is smooth over rj, then there exists a non-empty open subscheme U of 
X , such that Xjj is smooth over U . 

We may assume that X and S are affine. If the Jacobian criterion for smoothness 
holds over n, it holds over an open neighbourhood U of rj in S. 

2. If Z 71 is a closed smooth subvariety of X v , then there exists a non-empty open 
subscheme U of S , and a smooth closed subvariety Z\j of Xjj := X x s U , such that 

is the fiber of Zjj over rj. The blow-up of X n at Z^ is the fiber over rj of the 
blow-up of X\j at Zjj . 

Working locally, we may assume that S and X are affine. The equations defining 
Z v in X v extend to regular functions on X U: for some non-empty open subscheme 
U of X, and these define a closed subvariety Zjj with Z n = Zjj Xjj rj. By point 1, 
after shrinking U, we may assume that Zjj is smooth over U. The last part of the 
claim follows from flat base change for blow-ups [30, 8.1.12.c]. 

3. If D is a divisor on X , andD v := Dxxij is a strict normal crossing divisor on 
X v , then there exists a non-empty open subscheme U of S such that Du := D xxU 
is a strict normal crossing divisor relative to U on Xjj . 
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Apply point 1 to the components of D and their intersections. □ 

Proposition 5.5 (Constructible Chow-Hironaka Lemma). Let G be a finite group. 
Let X, X' be smooth irreducible S -varieties of relative dimension d, carrying a good 
G-action, and let Y be a closed subvariety of X' , such that the dimensions of the 
fibers of Y — > S are strictly smaller than d. Let h : X' — > X be a G-equivariant 
proper birational morphism over S , such that h is an isomorphism over X \ Y . 

There exists an admissible stratification .y = {Si \ i £ 1} such that, for any i € /, 
the morphism hgi : X' s — > Xs t can be dominated by a composition of blow-ups with 
Si-smooth, G-closed centers. 

Proof. By the equivariant Chow-Hironaka Lemma, the proposition holds if 5* is the 
spectrum of a field (see Lemma A. 2). Now we can proceed as in the proof of 
Proposition ^. 41 □ 

Proposition 5.6 (Constructible compactification). Let G be a finite group. Let X 
be a smooth S-variety, carrying a good G-action, and let V be a G-closed, closed 
subvariety. There exists an admissible stratification ,y — {Si\i € 1} such that, for 
any i € I, we can find a G-equivariant compactification Xs f c —> X' s ., with X' s . a 
smooth, proper Si-variety with good G-action, and such that the union of X' s . \Xs t 
with the closure of Vs t is a strict normal crossing divisor relative to Si . 

Proof. Starting with a G-equivariant compactification of X over S, we can use 
Proposition 15 . 41 to obtain the result. □ 

6. Constructible Chow motives over a base variety 

For the categorical language in this section (additive and pseudo-abelian cate- 
gories, tensor structures, . . .) we refer to |2*§] . 

6.1. Pseudo-abelian categories. An additive category A is called pseudo-abelian, 
if all projectors (i.e. all idempotent endomorphisms) split. This means that, for 
any projector p on an object A, we can find an isomorphism A = B © C such that 
p corresponds to (Id, 0) on B © C. In this case, the natural morphism C — > A is 
a kernel for p, and B — > A is an image. For any additive category A, the pseudo- 
abelian envelope is an additive full embedding A — » A$ defined by the following 
universal property: A$ is pseudo-abelian, and any additive functor from A to a 
pseudo-abelian category C factors through an essentially unique additive functor 
from A$ to C. 

The pseudo-abelian envelope A$ of an additive category A is constructed by 
artificially adding images for projectors (we get kernels for free, since the kernel of 
a projector p coincides with the image of Id—p). The objects of A$ are pairs (A,p), 
where A is an object of A and p is a projector on A. The morphisms are given by 

Hom Ai {{A,p), (B,q)) :=qo Hom A (A,B) op 

6.2. The Grothendieck ring of an additive category. 

Definition 6.1 (Grothendieck ring). For any additive category A, the Grothendieck 
group Kq(A) is the abelian group generated by the monoid ([A],®), where [A] de- 
notes the set of isomorphism classes of objects of A, and © is the direct sum. We 
denote the class of an object A of A in Kq(A) by [A]. 



^We tacitly assume that the isomorphism classes of objects of A form a set. 
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If A carries a tensor structure, the tensor product ® induces a multiplication on 
Kq(A), determined by [A].[B] := [A (3 B\. This multiplication turns Kq(A) into a 
ring: the Grothendieck ring associated to A. 

An additive functor F : A — > B respects direct sums, and hence induces a mor- 
phism of Abelian groups Kq(F) : Kq(A) — > Kq(B). If A and B carry tensor struc- 
tures, and F respects tensor structures, Kq{F) is a morphism of rings. 

Remark. This construction is not to be confused with the definition of the Grothendieck 
group of an exact category (the free abelian group on isomorphism classes, modulo 
the relation [B] — [A] + [C] whenever O^A^B^C-^Oisa, short exact 
sequence). For instance; consider the category Abf g of finitely generated abelian 
groups. Any such group G can be written canonically as a direct sum of Z r for 
some integer r > 0, and a finite number of torsion groups Z/(p 4 ), with p a prime. 
The rank map 

rk : Ob(A) — iZ:Gnr 

induces an isomorphism from the Grothendieck group of the abelian category Abf g 
to Z: torsion parts are killed, by the existence of an exact sequence — > Z — > 
Z — > Z/(n) — > for any integer n > 0. However, if we consider Abf g merely as an 
additive category, we can write any element [G] of Ko(Abf g ) uniquely as 

r[Z]+ Yl n pA%/(P 1 )} 
p>oprime,z>o 

with r, n Pl i integers, and n p> i = for almost all p and i. □ 



6.3. Effective Chow motives over a smooth base. Let k be a field of charac- 
teristic zero, and let S be a smooth irreducible quasi-projective variety over k. We 
briefly recall the construction of the category M° + (S) of Chow motives over S (see 
|17l §1]), and we prove some elementary properties. 

Denote by Vs the category of smooth, projective varieties X over S. If X is 
irreducible, we denote the relative dimension of X over S by d(X/S). For any 
smooth projective variety X over S, and any integer a > 0, we denote by CH a {X) 
the Chow group of algebraic cycles of degree a. It is constructed as follows: consider 
the free abelian group on the set of irreducible subvarieties of X of codimension 
a, and take the quotient modulo rational equivalence. We put CH a (X, Q) := 
CH a (X) ®z Q- For any pair of integers a, (3 > 0, there is a bilinear intersection 
pairing 

CH a (X, Q) x CHP(X, Q) -> CH a+ P(X, Q) : (x, y) » x.y 

which makes the graded group CH(X,Q) := ® a CH a (X,Q) into a ring. 

If X, Y and Z are smooth, projective varieties over S, with X and Y irreducible, 
we can construct a bilinear map 

o : CH d{x/s) (X x s Y,Q) x CH d[Y/s) (Y x s Z,Q) -> CH d(x/s) (X x s Z, Q) 

as follows: a couple (/, g) is mapped to 

f°9~ (Pl3)*(pt 2 (/)-P23(ff)) 

where Pi2,Pi3,P23 are the projections ofIx s yx s ZonIx s 7,Ix s Z, resp. 
y X5 Z, and "." is the intersection product in the Chow ring of X Xj Y Xj Z. 
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Let CV S be the category with the same objects as Vs, but with morphisms 

Hom cv °{X,Y) := ® Xi ec(x)CH d ^/ s \Xi x s Y,Q) 

where C(X) is the set of connected components of X. The bilinear map o con- 
structed above defines the composition law in CVg, turning it into an additive 
category with Q-linear structure; the direct sum X Y is simply the disjoint union 
X UY . There is a canonical contravariant functor 

M : V s -> CV° S 

mapping a S'-morphism / : Y — » X to the transpose of its graph. 

The category M+(S) of (effective) Chow motives over S, is defined as the pseudo- 
abelian envelope of CV S . The fiber product over S induces a tensor structure on 
M+(S). The functor M induces a canonical contravariant functor 

M : V S ^M° + {S) 

which we will denote by Ms if we want to make the base explicit. To simplify 
notation, we will sometimes denote the image of a morphism of smooth projective 
S-varieties / : X -> Y by /* e Hom M ° +{S )(M(Y), M(X)). This notation is not to 
be confused with the base change functor defined below. 

Applying Definition 16.11 to the additive tensor category M + (S), we obtain the 
Grothendieck ring of Chow motives K (M + (S)). 

If / : S' — > S is a morphism of smooth, irreducible, quasi-projective /c-varieties, 
then the base change functor /* : Vs — > Vs> induces a Q-linear base change functor 

/* : M° + (S) - M° + (S') 

compatible with the tensor structures, and a ring morphism 

/* : K (M° + (S)) -» K (M° + (S')) 

Lemma 6.2. If f : S' — > S is a smooth, projective morphism of smooth, irreducible, 
quasi-projective k-varieties, then the forgetful functor /* : Vs> — > Vs induces a Q- 
linear forgetful functor 

f*:M° + (S r )^M° + (S) 

(generally not compatible with the tensor structures), and a morphism of abelian 
groups 

/. : K (M° + (S')) -> K (M° + (S)) 

Proof. Let X,Y be smooth and projective varieties over S'. The canonical mor- 
phism 7r : A" x s> Y — > X x 5 V is proper, and induces a degree (dim(S') — dim(S)) 
morphism of graded Q- vector spaces 

7T* :CH(Xx s > Y, Q) -» CH(X x s Y, Q) 

Let us show that these morphisms are compatible with the composition of corre- 
spondences. Let Z be another smooth projective 5"-variety, and let a and f3 be 
elements of CH(X x s > Y,Q), resp. CH(Y x s > Z,Q). 
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Consider the following diagram of Cartesian squares. 



X x s > Y x, 



(X x s , Y) x s Z 



Xx, q ,Y 



-> Xx s (Y x s , Z) 



-> X x s Y x s Z 
pi 

-> X x s Y 



P-2 



Y x s , Z 



Y x s Z 



and denote by pxz the projection of X X5 Y X5 Z on X XsZ, and by p' xz the 
projection of X Xs' Y xs> Z on X Xs> Z. Finally, we denote by 



7T* : CH(X x S / Z, 



CH(X x s Z, 



the proper push-forward induced by 7r : X x s> Z — > X x 5 Z. 

Using |21l 1.7] (base change of the flat pull-back) and |^ 8.3(c)] (projection 
formula), we get 

^(P^z)*[(ii)*(?i)*(«).(<a)*(«a)*(/3)] 



.(<i)4(ii)*(9i)*(o).(<2)*(ftrC(3)] 

[((&)*(«). (il).(<2)*(«2)*(/3)] 
[(9i)*(a).(7rf)*(7rf),( g2 )*(/3)] 



= (pxz),( 

= (pxz)*(^)* 

= (pxz).(7rf)» 

- (pxz)4(^f)*(9i)*(«)-U 2 X )*fe)*(/3)] 

= (pxz)*[(Pi)*( 7r i)*(") • (P2)*(7T2 )*(/3)] 

in Cif(X X s X7 X Q) . If a and /3 belong to if om^ . (M s > (X) , M s > (F) ) , resp . 
Hom M o^(s>)(Ms>(Y), M S >(Z)), then the first of these expressions is the image of 
f3 o a under 7r„ , while the last one is the composition of the images of a and f3 in 
Hom M o +{s) (M s (X),M s (Y)), resp. Hom M%{s) (M s (Y), M S (Z)). 
Hence, we obtain a Q-linear forgetful functor 

CV° S > CV° S 

which passes to a Q-linear forgetful functor 

/, : M°+(S') ^ M°+(S) 

by the universal property of the pseudo-abelian envelope. □ 

Observe that /* o /* = M(S') ® ( . ). 

We denote by D b (S, Qe) the derived category of bounded complexes of Q^-sheaves 
on S, in the sense of The functor Vs — > D b (S, Qe) mapping an object h : X — > 
S to Rh*(Qe) extends to a Q-linear realization functor 

real : M° + (S) ^ D b (S,Q e ) 

By the relative Kiinneth isomorphism, it respects the tensor structures: there is a 
canonical quasi-isomorphism 



real (M 1 <g> M 2 ) = real (Mi) ® L real (M 2 ) 
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Definition 6.3 (Lefschetz motive). Let e : S — ► P5 fee any section of the structural 
morphism V s — > S. The cycle ¥ s xj e(5 l ) defines a projector p on M(P<j) m i/ie 
category Ad^lS), independent of the choice of e. The image of this projector is 
called the Lefschetz motive over S, and is denoted by L5. 

If S' — > S is a morphism of smooth quasi-projective varieties over k, then the 
base-change functor M° + (S) — > A1+(5") maps L5 to Lg/. We will simply write L| 
for L| d , for any integer d > 0. If e<j : 5 — > Pg is a section, we can define a projector 
Pd = P5 x s e<i{S) on M(P|) in the category M° + (S), independent of the choice of 
e<i- Its image is isomorphic to Lg, by the isomorphism 

P| x s e(Sf d e Hom M o +{s) ((M(F d s ),p d ),L d s ) 

Lemma 6.4. For any pair of objects X,Y in Vs> with X of pure dimension d 
over S , and for any pair of integers r, s > 0, there is a canonical isomorphism of 
Q-vector spaces 

CH d+r-s {x Xs y iQ ) s Hom M ° +{s) {M{X) ®U S ,M{Y) ®LJ) 
where we put CH J ( . ) = if j < 0. 
Proof. The functor 

(.)®Ls:M + (S)^M° + (S) 
is fully faithful, by ^| 1.6], so we may assume that r = or s = 0. For any integer 
i > 0, we'll denote by / : X XjF XjP^ ^1 XjF the projection morphism. 

First, suppose s = 0. An element of Hom M <^ ^ (M{X) <g> L£, M(Y~)) is an 
element of the form tp o (Id ® p r ), with ^ in Cir d+r ((P£ x s X) x s F,Q). The 
computation in p. 460] shows that the morphism 

/* : CH d+r (X x s y,Q) -> CiI d +' r ((PS x s I) x s F,Q)o(|) r ® Id) 

is an isomorphism. 

Now assume r = 0. An element of Homj^o ^ (M(X), M(Y)®Ug) is an element 

of the form (Id <8> p s ) o ^, with in CH d (X x s (Y x P|),Q). By an analogous 
computation, the morphism 

/• : (Id<Z> Ps )oCH d (X x s (Y x s P s s ),Q)^CH d - s (X x s Y,Q) 

is an isomorphism. □ 

Definition 6.5 (Chow group of a motive and cup product). For any object M in 
A4+(S), and any integer d > 0, we put 

CH d (M,Q) ■■= Hom M o +{s) (h d ,M) 

If £ is an element of CH d (M,Q), we denote by £U (.) the composition 

M®L d -i^l* M®M M 

where Am is i/ie diagonal morphism (i.e. if M is (M(Y),p) with Y a smooth 
projective S-variety and p a projector on M(Y), then Am = P M(Ay) o (p(g> p) ). 

Lemma 6.6. For any object X in Vs, for any pair of integers r,s > 0, and for 
any object N in M°^(S), there is a canonical isomorphism 

Hom M o +(s) (M(X) ®U S ,N® U s ) S ® Xi aC{X)CH^/^-'[M{X^ ® N, Q) 
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where C(X) denotes the set of connected components of X , and d(Xi/S) is the 
relative dimension of Xi over S. 

Proof. We may suppose that X has pure dimension d over S. The result holds if 
N = M(Y) for some object Y in Vs, by Lemma f6. 41 In general, N is of the form 
(M(Y),p), with p a projector on M(Y). We have 

CH d+r - s {M(X)®N,Q) £ (Id®p)oHom M o +(s) (h d + r - s ,M(X)®M(Y)) 

= (p ® 7d) o Hom M a +{s) (M(X) ® L£, M(Y~) ® L|) 

S Jfora M ^ (s) (M(X)®L s ,iV®lLJ) 

□ 

6.4. Martin's identity principle. 

Lemma 6.7. We denote by VecQ the category of Q-vector spaces. Let N be any 
object of ftA° + (S), and consider the functor 

lon ■ V°g — » Vecq 

defined by lun{Y) = HorniM" (S)(M(Y), N). The functor 

w : M° + {S) -> PreSh(V s ) : N ^ u N 

is fully faithful; here PreSh(Vs) denotes the category of presheaves of Q-vector 
spaces on Vs- 

Proof. By Yoneda's Lemma, the functor 

h : M° + (S) -> PreSh(M° + (S)) : N h-> h N := Hom M o +{s) {. , N) 
is fully faithful. The composition lu of h with the restriction functor 

PreSh{M° + (S)) -» PreSh(V s ) 
is still fully faithful, since h is recovered from u> by putting 

h (M(Y), P )(N) := lm{(J N (p) : uj n {Y) -> uj n (Y) } 

□ 

Proposition 6.8 (Manin's identity prinicple). Let f,g : M — > N be morphisms in 
M° + (S). 

• The morphism f is an isomorphism iff the morphism 

u(f)(Y) : CH d (M(Y) ® M, Q) -> CH d (M(Y) ® N, Q) 

is an isomorphism for any integer d > 0, and any object Y in Vs of pure 
dimension d over S. Moreover, f — g iff u>(f)(Y) — uj(g)(Y) for all these 
pairs (d, F) . 

• ^4 sequence 

M — ^— > TV — ^ P 
in M.'L(S) is split exact, iff a admits a right inverse a' and the sequence 

CH d (M (Y) ® M, Q) " (a)(y) > CH d (M(Y) ® N,Q) " (b)(r) ) CH d (M(Y) ® P, Q) 

is a s/iori exaci sequence, for any integer d > 0, and any object Y in Vs of 
pure dimension d over S . 

Proof. This follows from Lemma 16.61 Lemma 16.71 and the proposition in p. 
4531. □ 
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6.5. Relative Chow motive of a projective bundle. Let X be a smooth quasi- 
projective variety over k. In this section, we compute the relative Chow motive of 
a projective bundle ir : P(£) — > X, where £ is a locally free sheaf of modules on X 
of rank r + 1. We show that Manin's formula |311 p. 457] in M.° + {k) holds already 
in A4'\_(X). The proof closely follows the arguments in 2.4]. 

Proposition 6.9. Let X be a smooth quasi-projective variety over k, and let £ be 
a locally free sheaf of modules on X of rank r + 1. Then 

M(P{£)) - ®U V X 

m M° + {X). 

Proof. Consider the tautological bundle 0p(£)(l) on P(£), and its divisor class 
£ := Cl (0 P(£) (l)) in Off^P^.Q). By Lemma IQ1 the element f e CiT(P(£)) 
corresponds to a morphism : U x — > A/(P(£)) in .M+(X), for any integer i > 0. 
We will show that the morphism 

^ : ©i£ : ©iL^ -» M(P(£ )) 

is an isomorphism of relative motives over X. 

By Manin's identity principle in Proposition l6.8l it suffices to show that for any 
integer d > and any object / : Y — > X in Vx of pure relative dimension d, 

w(V»)(y) : ® t CH d (M(Y) ® L X ,Q) CH d {Y x x P(£), Q) 

is an isomorphism. However, Fxj- P(£) = P(/*£), and /*(£) is the divisor class 
£' of O v{r{£)) . Moreover, CH d (M(Y) ® L^,Q) = CiJ^Y, Q) by Lemma l6~51 
and the morphism CH d ~ l {Y, Q) -> CH d (P(f*£),Q) is intersection with (£')*• So it 
follows from Grothendieck's computation of the Chow group of a projective bundle 
on a smooth quasi-projective variety 26 1. 11], that is an isomorphism. □ 

Corollary 6.10. Let X be a smooth projective variety over S , and let £ be a locally 
free sheaf of modules on X of rank r + 1. Denote by £ the divisor class ci(0p(£) (1)) 
of the tautological line bundle on P(£), and &y h : P(£) — > X i/ie projection. Then 

r 

€ U (/» ® /d)* : ©[ =0 (M(X) ® L l s ) M (P(£ )) 
is an isomorphism in M°,(S). 

Proof. This is the image of the isomorphism in Proposition 16 . 91 under the forgetful 
functor M° + (X) -> M° + (S). □ 

6.6. The blow-up complex. Let S be, as before, a smooth irreducible quasi- 
projective variety over k. Let X be a smooth projective irreducible variety over 5 1 , 
and let Z be a closed irreducible subvariety of X of codimension r, smooth over 
S 1 . Consider the blow-up ft : X' — » X of X at Z, and denote by E its exceptional 
variety. We denote by i and j the inclusions of Z in X, resp. E in X', and we 
denote by He ■ E — > Z the restriction of /i. 

£ — - — > X' 



X 



We denote by X the normal bundle of Z in X . 
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Let C 6 CH^iE,®) be the (r - l)-th Chcrn class of the quotient bundle 
h*{N)/0 E {-l) on E. We denote by 

z* e Hom M o +{s) (M(Z)®17 s ,M(X)) = CH d(z / s ^ +r (Z x s X,Q) 

the morphism defined by the transpose of the graph of i. The morphism 

j* : M(E) ® L s -» M(X') 

is defined analogously. We'll write (He)* for the morphism in 

Hom M o +{s) {M{E) ® L s , M(Z) ® L s ) = CH d( - E / s ^^-^ (E x s Z,Q) 

defined by the transpose of the graph of He- With some abuse of notation, we'll 
also write £U for the morphism M(E) <g>L s — * M{E) Cg)Ls obtained by twisting £U 
(i.e. tensoring with the identity on Ls). 

Lemma 6.11. Let £ be the divisor class of the tautological bundle Ob(1) on E. 
The morphism 

Lp : M(X) © {®\ZlM{Z) <g> V s ) M(X') 

defined by 

r-l 

<p(x, yi, . . .,Vr-i) = h*(x) U 8) Id)*( yi )) 

i=l 

is an isomorphism in M+(S). 

Proof. By Manin's identity principle in Proposition l6.8l it suffices to show that, for 
any integer d > 0, and any smooth projective ^-variety of pure relative dimension 
d, 

w(<p)(Y) : CH d (Y x s X,Q)® (©^CiT^CY x s Z, Q)) -» Ctf d (Y x s X' , Q) 
is an isomorphism. 

Since blow-up commutes with flat base change, h Y : Y Xj X' — » Y Xg X is the 
blow-up with center Y x 5 Z and exceptional divisor Y x s S. Moreover, the divisor 
class of Oyx s e(1) is the pull-back of the divisor class of 0_e(1). Hence, it suffices 
to show that the morphism 

CH d (X, Q) © (e*Ti 1 CF d - i (Z ) Q)) -» CH d (X\ Q) : 

r-l 

{x, Vl , y r -x) ft* (a:) + ^ U ^(y<)) 

is an isomorphism for each <i. This is done in j4j 0.1.3]. □ 

Theorem 6.12 (Blow-up complex). Let X be a smooth projective irreducible va- 
riety over S , and let Z be a closed irreducible subvariety of X of codimension r, 
smooth over S. Consider the blow-up h : X' — > X of X at Z , and denote by E its 
exceptional variety. We denote by i and j the inclusions of Z in X , resp. E in X' , 
and we denote by hE ■ E — > Z the restriction ofh. The complex 

► M(X) -^±!L, M(X') © M{Z) j '~ h * E > M(E) ► 

splits. In particular, 

[M(X)\ + [M{E)\ = [M(X')\ + [M{Z)\ 

in K (M° + {S)). 
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If G is a finite group, X carries a good G-action, and Z is G-closed, then the 
splitting is G-equivariant. 

Proof. The absolute case S = Specfc was proven in f27\ 5.1]. 

Let £ be the divisor class of the tautological bundle Ob(1) on E. We've seen in 
Corollary IOH that 



ip(yo, ■ 
defines an isomorphism 



i=0 



ip : e^M(Z) <8 V 3 -» M(J5) 

in .Mi (5). Combining this expression with the isomorphism (p in Lemma l6.il! and 
putting A := ®[~ 1 1 M(Z) (g) Lg, we get an isomorphism of complexes 



M(X) 

Id 

M(X) 



1 \ 


t* J 



h*+i* 



M(X) © A © M(Z) 
{<P,Id)\ 

M(X') © M(Z) 



1 

- 1 



AS)M(Z) 

V- 

M(E) 



Commutativity of the squares follows from the equality = £U (see the proof of 
[211 6.7(c)]). It is clear that the upper complex splits. 

If X carries a good G-action, and Z is G-closed, then all the morphisms used in 
the proof are G-equivariant, and the splitting is G-equivariant. □ 

Remark. In the classical setting, where k = C, S = Spec C, and where we use 
singular homology instead of motives, the exact blow-up sequence arises as follows 
|25l p. 605]: take tubular neighbourhoods U and V of Z and E in X, resp. X'. We 
have H,(U) = H,(Z), H*(V) = H*(E), H,(U-Y) = H,(V-E), and H*(X'-E) = 
H*(X — Z). Hence, combining the Mayer- Vietoris sequences for X = U U (X — Z) 
and X' = V U (X' - E), with the Barrat- Whitehead Lemma [21 17.4] , and the fact 
that H^(X') —> H*(X) is surjective, we obtain a short exact sequence 

-> H*{E) -> H.4Z) © H*{X') -> H*(X) -> 



□ 



6.7. Direct limits of categories. Let 7 be a directed set, and let (Cj)ig/ be a 
direct system of categories, with transition functors Fjj for j > i in /. 

Definition 6.13. We define the direct limit C of (Ci)i^i as follows: 

• Put O := Ui e jOb(Ci). On this class, we define an equivalence relation ~ 
as follows: for any two objects (i,a) and (j,P), with a, (3 objects of Ci, 
resp. Cj, (i,a) ~ iff there exists an index k > i, j in I such that 

F k , l (a) = F kj {(3). WeputOb{C):=0/ ~. 
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• Consider two objects A and B in Ob(C), represented by (i,a), resp. (j, /?) 
in O. Put 

H((i,a),(j,0)) := {(k,f) \kel, withk > andf 6 Homc h (F k ,i(a),F kij (J3))} 

On this class, we define an equivalence relation ~ as follows: (k, /) ~ 
(fc', /') iff there exists an element £ in I , with £ > k and £ > k' , such that 
Fi : k{f) = Fi^'if')- Observe that this equivalence relation is compatible 
with the composition of morphisms. We put 

Hom c (A,B) :=H((i,a),(j,ff))/~ 

This definition does not depend on the choice of the objects (i,a) and (j,/3) 
in O representing A and B . 

For each i € I, there is a natural functor Fi : C; — > C, mapping an object a to the 
class of{i,a), and mapping a morphism f to («,/). 

If all the Ci are small categories, then C is a direct limit in the category of small 
categories. In any case, it has the following universal property: Fi = Fj o Fj i for 
any pair j > i in /, and if T> is any category, and Gi : Ci — > T> is a system of functors 
such that Gi — Gj o Fj^ for any pair j > i in /, then there exists a unique functor 
G : C — > T> satisfying Gi = G o Fi for any i £ I. 

If the categories Ci are Q-linear with tensor structure, and if the transition 
functors respect (Q-linearity and tensor structure, then C is a Q-linear category 
with tensor structure in a natural way, and the natural morphisms Fi respect Q- 
linearity and tensor structure. 

If (Ci)igj is a direct system of pseudo-abelian categories Ci, with additive tran- 
sition functors, then C is pseudo-abelian, since additive functors preserve direct 
sums. 

6.8. Constructible Chow motives. Now, let 5 be any fc-variety. An admis- 
sible stratification is a finite stratification = {Si, . . . , S p } of S into smooth, 
irreducible, quasi-projective, locally closed subvarieties Si. The admissible stratifi- 
cations of S form a directed set (where < 5?' iff 5^" is a refinement of J?). We 
define (S, y) as the direct product of categories n*=i ■M+i^'i)- Base change 
induces restriction functors 

F?.,s> ■■ M° + {s,y) -» M° + (s,y') 

where 3?' is an admissible refinement of 5? . We obtain an inductive system of 
Q-linear categories with tensor structure, indexed by the admissible stratifications 
& of S. 

Definition 6.14. We define the category CMotg of constructible Chow motives 
over S , as the direct limit of the direct system (A4°^(S, .y))^ . The category CMots 
is Q-linear, with tensor structure, and pseudo-abelian. There are natural Q-linear 
tensor functors 

F,y : M° + (S,y) -» CMot s 
By Definition l6.ll we can associate a Grothendieck ring K^CMots) to the ad- 
ditive tensor category CMots- 

Lemma 6.15. 

K (CMot s ) = lim H K (M° + [Si)) 
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where ,5f runs over the admissible stratifications of S. 
Proof. The canonical functors Fy induce ring morphisms 

K (Fy): 11 K Q (M° + (Si)) <* K ( J] M° + (S t )) ^ K Q (CMot s ) 

and hence a ring morphism 

1> : lim JJ # (A<t$.(Sj)) -» ^o(CMots) 

It is clear that is surjective, so let us prove injectivity. Let ,5? be an admissible 
stratification of S. Let a be an element of K (M+(S, y)), and suppose that a 
maps to zero under Ko(Fy). This means that there exist objects A and B in 
.M^S,^), and an object C in CMot s , such that a + [5] = [A], and Fy(A) © C 
and Fy(B) © C are isomorphic. By definition of the direct limit CMots, this 
implies that there exists a refinement ,9" of , and an object C in A4+(J7'), such 
that Fy ! y(A) © C and Fy^y{B) © C are isomorphic. Hence, a maps to zero in 

lim J] tfo(M5-0Si)) 

□ 

Corollary 6.16. The realization functors M° + {S) — > D b (S,Qe) for smooth quasi- 
projective k-varieties S, induce a realization morphism of Grothendieck rings 

K (CMot s )^K (D b (S, Qe)) 

for any k-variety S. Here we take the Grothendieck ring of D b (S, Qe) as a triangu- 
lated category, i.e. if A — > B — > C — > A[l] is a distinguished triangle in D b (S 7 Qi), 
then [B] = [A] + [C] in K (D b (S,Q e )). 

Proof. We define, for any admissible stratification y of S. 

i>y : K Q (M° + (S,y)) -> K (D b (S,Q e )) 

as follows: if Si is a stratum of y, and j : Si — > S 1 is the inclusion, then 

tfo(A4+0Si)) -#o(I> 6 (S,Q<)) 

is the composition of 

K (real) : K (M° + (Si)) -> tfo^OS, Q/)) 

with 

^o(ji) : ifo(I> 6 (5i,Q/)) - tf (£> 6 (S,<&)) 
These morphisms ^ ^ form a direct system and pass to a limit morphism 

K (CMot s ) - Koi&iS, Qe)) 

since for any closed subvariety V of 5, and any bounded complex of Q^-sheaves T 
on S, we get a distinguished triangle 

u\u* J- — > — > v*v* J- — > 

in D b (S,Qe), where {/ denotes the complement of V in S, and u and v are the 
inclusions of U, resp. V in S. □ 
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If / : S' — ► S is a morphism of smooth, quasi-projective fc-varieties, then the 
base-change functor Ai+lS) — > .M+(S") induces a base-change functor CMots — » 
C Mots>. If >S" is a smooth projective S 1 - variety, the forgetful functor from Lemma 
16.21 will in general nof pass to a forgetful functor on constructible Chow motives 
(due to the stratifications we allowed on the base). 

6.9. Extension of cohomological functors. Let G be a fixed finite group. Let 
S be a variety over a field k of characteristic zero. 

Theorem 2.2.2 in [23 gives a very useful criterion to extend cohomological func- 
tors defined on smooth and projective varieties over k. We will extend this result 
to the relative case, working over the base S. 

Their cohomological theories take values in so-called cohomological descent cat- 
egories |23 1-7.1]. These are tuples (D, E, s, A, fi) which capture the essential prop- 
erties of the category of complexes over an abelian category, and the class of quasi- 
isomorphisms. For our purposes, it suffices to recall that one can associate a coho- 
mological descent category to any additive category A, with underlying category 
D = C b (A), where s is the functor that associates to a codiagram of complexes 
its total complex in C b (A), and where E is the class of homotopy equivalences, 
by |SI 1-7.7]. For any descent category [D, E,s, A, /z), we denote by Ho(D) the 
localization of D w.r.t. the class of morphisms E. 

We denote by (G, Vars) the category of varieties over S with good G-action. 
Let (G, Vs) be the full subcategory of (G, Vars) whose objects are the smooth 
and projective varieties over S. We will also consider the category (G, Vars, c ) of 
^-varieties with good G-action, with proper morphisms. If (G, Cs) is any of these 
categories, we define (G,Cs) as the inductive limit of (G,Cy) := Ylsies"^>^ s ^ 
over the admissible stratifications 5? — {Si}i of S (see Section l6~%|) . Beware: if Si 
is a locally closed subvariety of S, and X is an S'-variety, the restriction of X to Si 
is given by (X xg Si) rec i with its reduced structure. 

Definition 6.17 (Acyclic diagrams). An acyclic diagram in {G,Var^), for some 
admissible stratification 5^ = {Si} of S , is a set of G-equivariant Cartesian dia- 
grams of the type 

% > Xi 

(i) 

Yi > Xi 

where Xi, Yi are Si-varieties with good G-action, the horizontal arrows are closed 
immersions, the vertical arrows are proper Si-morphisms, and n induces an iso- 
morphism Xi\Yi = Xi \ Yi . 

An acyclic diagram in Vars is the image of an acyclic diagram in (G, Vary) 
under the natural functor 

Fy : {G,Vary) -» (G,Var 8 ) 

for some admissible stratification ,5f of S . 

An acyclic diagram in (G, Vars.c) is a diagram in (G, Vars, c ) which is acyclic 
in (G, Vars)- 
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An elementary acyclic diagram in (G,Vs) * s a blow-up diagram in (G,Vs), i-S. 
an acyclic diagram in (G,Varg) where all objects belong to (G, Vs), o,nd n is the 
blow-up of Xi at the G-closed center Y^. 

An (elementary) acyclic morphism in any of the above categories, is a morphism 
that can be realized as the right vertical arrow in an (elementary) acyclic diagram. 

The following Theorem is a relative version of |57j, Theorem 2.2.2 and |1U| . 
Theorem 3.1. Let (D, E, s, fi, A) be a cohomological descent category. 

Theorem 6.18 (Extension Theorem). Given a contravariant functor F from (G, Vg) 
to a cohomological descent category (£>, E, s, /i, A) such that 
(Fl) F(0) = 0, 

(F2) the natural morphism F(X U Y) — > F(X) x F(Y) is an isomorphism, 
(F3) for any elementary acyclic diagram X,, the object sF(X,) is acyclic in 
Ho(D), 

there exists an essentially unique extension of F to a functor 

F c : (G,Va^ s ,c) -> Ho(D) 

such that the following descent properties hold: 

(D) for any acyclic diagram X, in (G, Vars.c), the object sF(X t ) is acyclic. 

(E) for any S-variety X with good G-action, and any G-closed, closed subvariety 
Y , we have a natural isomorphism 

F C (X \Y) S s(F c (Y X)) 

Moreover, if H : Vs — * D is another functor satisfying (Fi), (F2) and (F3), H' 
is an extension of H satisfying (D) and (E), and t : F — > H is any natural 
transformation, then t extends uniquely to a natural transformation r : F' — * H' . 
This extension t' is an isomorphism if r is. 

Proof. As explained in JHj; Proof of Theorem 2.2, and in the appendix of ^III it 
suffices to use Proposition l5.4l Proposition l5.5l and Proposition l5.6l combined with 
the fact that all the objects in Vars jC of dimension zero are in Vs (we de not claim 
that any variety of relative dimension over S is smooth over S, but merely that 
this is true after admissible stratification of the base S). 

Now one can use the methods from |27) (in particular, the theory of cubical 
hyperresolutions) to prove Theorem 16. 181 □ 

6.10. Associating a constructible motive to a family of varieties with 
group action. Let G be a fixed finite group. Let S be a variety over a field k 
of characteristic zero. 

For any additive category A, we denote by (G, .A) the additive category of func- 
tors G — > A, where we view G as a category with one object, and automorphism 
group G. We denote by Ho(G,C b (A)) = HoC b (G,A) the homotopy category as- 
sociated to (G,A), i.e. the category of bounded complexes over (G, A) localized 
w.r.t. homotopy equivalences. 

If S is a smooth, quasi-projective variety over fc, we can define a contravariant 
functor 

M G '.(G,Vs)->(G,M° + {S)) 
mapping a smooth and projective S'-variety X with good G-action to its motive 
M(X), that we endow with a left G-action as follows: an element g of G acts by 
its graph [g] in Aut M o +(s) (M(X)). 
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For an arbitrary fc-variety S, and any admissible stratification S" of S, we have 
a canonical functor 

M G : (G,V^) -> {G,CMot s ) 
induced by the functors M : Vs i — > .Mi (Si) for Si G J^. These induce a canonical 
functor 

M G : (G,V<?) {G,CMab s ) 
Theorem 6.19. The functor 

M G : (G,V S ) (G,CMot s ) 
has an essentially unique extension to a functor 

M G , C : (G,Va7 s , c ) -> Ho{G,C\CMot s )) 
satisfying properties (D) and (E) in Theorem \f>.18l 

Proof. We only have to check properties (Fl), (F2), (F3) in Theorem 16. 181 While 
(Fl) and (F2) are obvious, (F3) follows from Theorem El □ 

Corollary 6.20. There exists a functor 

M G>C : (G,^ar s , c ) -> ffo(G, C fe (GMot s )) 

that extends the functor Mq : (G, Vs) — > (G, .Mi(S)) and satisfies properties (D) 
and (E). 

In particular, there exists a unique morphism of Grothendieck rings 
XG ,c : Kg(Var s ) -> K (G,CMot s ) 

mapping the class of an object X of Vt, with T a smooth, irreducible, quasi- 
projective locally closed subset of S, to the class of Mq(X) in Ko(G,CMots). 



Proof. Use the canonical functor Fig} '■ (G,Vars, c ) — * {G,Vars, c )- 

The existence of the morphism of Grothendieck rings Xc,G follows from the ap- 
plication ObHo{C b (A)) -> K (A) constructed in [23 5.4] for any pseudo-abelian 
category A. □ 

Corollary 6.21. There exists a functor 

M c : Var s , c -> Ho(C\CMot s )) 

that extends the functor M : Vs — > A4°^(S) and satisfies properties (D) and (E) 
(for G = {-}/. 

In particular, there exists a unique morphism of Grothendieck rings 

Xc:K Q (Var s )^K Q (CMot s ) 

mapping the class of a smooth, projective T -variety X , with T a smooth, irreducible, 
quasi- projective locally closed subset of S, to the class of M(X) in Ko(CMots). 

Remark. In the Appendix to [H], Bittner used the Weak Factorization Theorem 
[2] to prove that K§(Vars) can be represented as follows: the set of generators 
consists of the isomorphism classes [X] of S- varieties X with good G-action, which 
are projective and smooth over their image in S, and such that G acts transitively 
on the connected components of X. These generators are subject to the following 
relations: 

• [0] = o, 
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• [BlyX] — [E] = [X] — [Y], where Y is a closed G-invariant subvariety of X, 
smooth over its image in S, which coincides with the image of X in S; and 
BlyX is the blow-up of X along Y, with exceptional divisor E, 

• [X] = [Xt] + [X S \ T ], where T is a closed subvariety of S. 

The existence and uniqueness of xg,c follow immediately from this presentation. □ 

Proposition 6.22. The functor Mq c commutes with base change, i.e. if S' — > S 

is a morphism of smooth quasi-projective varieties, the diagram 

{G,Vo^s,c) Ho(G,C b {CMot s )) 

1 1 

(G,Var s >, c ) Ho(G,C b (CMot s ,)) 
commutes (up to natural isomorphism). In particular, the diagram 

K§{Var s ) -^U K (G,CMots) 

I I 

K<f(Var s >) -^U K a (G,CMot s >) 

commutes. 

Proof. It is clear that both compositions coincide on (G, Vs). Moreover, the base 
change functor (G, Vars lC ) {G,Vars> , c ) respects (elementary) acyclic diagrams. 
So the diagram commutes by the uniqueness result in Theorem 16. 181 □ 

7. Character decomposition of constructible motives 

Throughout this section, our base scheme S is a fc-variety, with k a field of 
characteristic zero. We will generalize some results from JH] (where S = Specfc) 
to the relative, constructible setting, and we will closely follow their arguments. 

For any finite group G, and any S- variety X, we will denote by GxX the constant 
finite group ^-scheme associated to G and X. This means that Gxl:= \J 9& gX, 
and G acts on the left and on the right by permuting the indices. We denote by 
1[G] the motive M (G x S) in CMot s . The left and right action of G on 1[G] 
are called the left, resp. right regular representation of G. The object 1[G] is the 
motivic counterpart of the object Q[G] in the representation theory of G over Q. 

If M is an object of CMots and N is an object of (G, CMots), then we view 
Hom C Mot s ( M , N ) as a leit Q[G]-module, by (g, f) h-> go f. 

7.1. Restriction and induction. Let ip : G — * G' be a morphism of finite groups. 
There are obvious restriction functors, both denoted by Res^, 

{G',V^s,c)^(G,V^s, c ) 



Ho(G',C b (CMots)) -> Ho(G,C b (CMot s )) 
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Proposition 7.1. The square 



M, 



(G',Var s ,c) — ^ Ho(G' \C\CMots)) 



Res i: 



Res e 



M GjC 



(G,Var s , c ) — ^ Ho(G,C b (CMot s )) 
commutes (up to natural isomorphism). 

Proof. For objects in (G',Vs), this is clear. By Theorem 16. 181 the extension of 
M G o Res^ S i?e S . o Mc : (G', Vs) -» (G, C b (GA/ois)) 



to (G ,Var$ }C ) satisfying (D) and (E) is essentially unique. Hence, Mc, c ° Res^ = 
ReSi/j o Mg', c - D 

Lemma 7.2. If M is an object of (G' ,CMots), and N is an object of CMots , 
then HomcMotsiN^M) is a left Q\G']-module, and Home Mots (N, Res jhM) is the 
usual restriction Res^HomcMot s {N,M). 

Proof. This is obvious. □ 

We construct a left adjoint Ind^ for Res^ as in ^0|, Section 4. 

If X is an S'-variety with good G-action, then G acts on G' x X by g(g',x) := 
(flV(ff -1 )> 9 x )i an( A G' acts on G' x I by g(g',x) := (gg',x). These actions com- 
mute, and we put Ind^X := (G' x X)/G with its natural G'-action. This construc- 
tion commutes with stratification of the base, and we obtain a functor 



Ind* : (G, Var s ,c) -» (G', V^ar s , c ) 

For any Q-linear pseudo-abelian category A, and any object M of (G, .A), we 
can consider the projector mr X) fl gG M on M (where [g] denotes the image of g 
in the endomorphism class of M). Its image is denoted by M G , and is called the 
G-invariant part of M. If N is an object of A, then G acts on the Q-vector space 
Hom^(N, M), and Hoiti_a(N, M g ) coincides with the subspace of G- invariants 
(Hom A (N,M)) G . We obtain an additive functor (.) G : (G,A) -> A. 

If M is an object of (G, CMots), we let G act on 1[G'] ® M via the inverse of 
the right regular representation of G' and the G-action on M, and we let G' act 
on 1[G'] <8> M via the left regular representation of G and the trivial action on 
M. These action commute, and we obtain an object Ind^M := (1[G'] <g> M) G of 
(G ', CMots). We obtain additive functors, all denoted by Ind^, 

(G, CMots) -> (G', CMots) 
{G,C b (CMot s )) -» (G',C b (GMot 5 )) 
Ho(G,C b (CMots)) -> Ho(G',C b \CMot s )) 

If if is a normal subgroup of G, and r/> : G — > G/i? is the projection, then 
IndjpM is M ff with its residual G/-ff-action, and for any object X in (G, Vars), 
Indff,X is X/H. In particular, for -0 : G — > {e}, we obtain M G and X/G. 

Lemma 7.3. if M is an object of (G, CMots), and N is an object of CMots , then 
HomcMot s {N,M) is a left Q[G]-module, and Home Mot s {N,Ind^,M) * s the usual 
induced <Q>\G']-module Ind^HomcMot s {.N,M). 
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Proof. We see that 

Hom CM ot s (N, 1[G'] ® M) = Q[G'] ® Q Hom C Mot s {N, M) 

as a left Q[G'] -module. Hence, it suffices to observe that, for any left Q[G]-module 
V, 

(Q[G'] ® Q Vf S Q[G] ® Q[G] V 

as a left Q[G']-module, where in the left hand side, G acts on Q[G] via the inverse 
of the right regular representation. □ 

The following propositions follow immediately from the proofs of their counter- 
parts in ^U], Proposition 4.1-4. 

Proposition 7.4. For any object X of (G, Vars), and any object Y of (G, Vars), 
there is a natural bijection 

Hom (G,v^ s )( X ' Res ^ Y ) ~ Hom (G'.y^ s )( Ind ^ X > Y ") 

Proposition 7.5. The functors Ind^ : (G,CMotg) — > (G' ,CMots) and Ind^ : 
Ho{G,C b {CMot s )) -> Ho(G',C b {CMot s )) are left adjoint to Res^. 

Proposition 7.6. For any object M in (G,C b (CMots)), and any object N in 
(G',C (CMots))) we have the projection formula 

Ind^(Res^N ® M) = N <8> Ind^M 

Proposition 7.7. For any object X of (G, Vars), and any object Y of (G, Vars), 
we have the projection formula 

Ind^(Res^Y <g) X) = Y <g> Ind^X 

7.2. The motive of a quotient variety. 

Theorem 7.8. The diagram 

{G,Va^s,c) Ho{G,C h {CMot s )) 
{G',V^ s ,c) Ho{G',C b {CMot s )) 

commutes. 

In other words, for any object X in (G, Vars), there exists a natural isomorphism 
M G , <c (Ind^{X)) s Ind^{M G>c (X)). 

Proof. In the absolute case S = Spec k, this is the main result of ^Hj- We will show 
that their arguments carry over the the relative case. The result will appear as 
a consequence of the uniqueness statement in Theorem 16.181 if we can prove that 
both paths in the diagram are isomorphic on (G, Vs), and satisfy (D) and (E) on 
(G,Vars, c )- This is done in Lemma 17. 91 and Lemma 17 . 1 01 below . □ 

Let X be any 5-variety with good G-action. The quotient map 
7T : G' x X -»• (G' x X)/G = Ind^X 

induces a morphism 

ir* : M e , G Ind^X -> (1[G] ® M G , C {X)) G 
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and this defines a morphism of functors 

ip : M c ^ G Ind^ — > Ind^M c , G 

Lemma 7.9. The morphism ip is an isomorphism on (G, Vs)- 

Proof. We will merely sketch the arguments in |10j . to show that they carry over 
to our setting. We may suppose that G' = {e}. Let S be a smooth quasi-projective 
variety over k. The first step is to construct a category of effective Chow motives 
starting from S- varieties of the form X' = X/G, with X in (G, Vs)- We denote the 
full subcategory of Vars with these varieties as objects by V' s . By [2U 17.4.10], the 
usual construction of Chow motives still makes sense if we start from V' s instead 
of Vs, and we obtain a pseudo-abelian category M^_(S)'. There is an obvious fully 
faithful embedding 

$ : M° + (S) — M° + (Sy 

and we show that it is an equivalence by establishing an isomorphism between the 
motive of X/G in M° + {S)' , and the image of M(X) G under $. This is done as in 
1.2], using Manin's identity principle and the fact that CH(X/G, Q) = CH(X, Q) G 
(see [21 1-7.6]). We fix a quasi-inverse functor for and this yields a functor 

M' : V' s -» M° + (S) : X/G -» M'(X/G) Si M(X) G 

If S is any fc-variety, taking direct limits over admissible stratifications of S yields 
a functor 

M' : V's -> CMots 

If we define elementary acyclic diagrams in V s as quotients of elementary acyclic 
diagrams in (G, Vs), then we can formulate an extension principle for the category 
v's as in Theorem 16. 181 (see |1L)I 2.2] for the absolute case). In particular, M' has 
an essentially unique extension 

M' c : VaJ s ,c -> Ho(C b (CMot s )) 

satisfying (D) and (-E). However, is is easily seen that ip defines an isomorphism 
of functors M = M' on Vs, so by the uniqueness statement in Theorem 16. 181 ijj is 
also an isomorphism on Vs- This concludes the proof. □ 

Lemma 7.10. The functors 

M c , G Ind^ and Ind^M CyG ■ {G,Va~? s ,c) -> Ho{G' ,C b {CMot s )) 
satisfy properties (D) and (E) from Theorem \6.18l Hence, 

tp : M CjG Ind^ Ind^M CyG 
is an isomorphism of functors on Vars, c - 

Proof. We know that M CyG and M CjG i respect acyclic diagrams, by construction. It 
is easy to see that Ind^ respects acyclic diagrams of varieties, and acyclic diagrams 
in the descent categories (it commutes with s since it is an additive functor). 

The fact that iji is an isomorphism follows from Lemma l7.9l and the uniqueness 
statement in Theorem 16. 181 □ 



Corollary 7.11. For any X in {G,Var s ), M C (X/G) ^ M G , C (X) G . 
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7.3. Character decomposition. We denote by G(G, Q) the Q-vector space of 
Q-central functions, i.e. the space of Q-linear combinations of characters of Q- 
irreducible representations of G. Recall that a central function a : G — > Q belongs 
to G(G, Q) iff a(x) = a(x') for each pair {x,x'} of elements of G, for which the 
subgroups generated by x, resp. x' , are conjugate in G. Artin proved that every 
such a is a Q-linear combination of characters of the form Ind^lx, with H a cyclic 
subgroup of G, and 1# the trivial character on H. 

Definition 7.12. For any finite dimensional Q-vector space V with G-action, we 
define an element V of (G, CMots) as follows: we write the vector space V as the 
image of Q[G] n under a projector p, and we define the object V of CMots as the 
image of the corresponding projector on l[G] e ™. 

Lemma 7.13. For any pair of objects M, N of (G, CMots), and any finite Q[G]- 
module V, we have a natural isomorphism of Q[G] -modules 

HomcMots i N , V(g>M) = V(g> Q HomcMots (N, M) 
Proof. If V is the image of Q[G]™ under a projector p, we have 

Home Mot s { N , V<S>M) = (p®Id)o Home Mot s { N , l[G] ffin O M) 

= p(Q[G} n ) ® Q HomcMots (N, M) 
= V ® Q HomcMots (N, M) 

□ 

Definition 7.14. Let a be an effective character of G over Q, and let p a : G — > 
GL{V a ) be the corresponding representation. We denote by its dual repre- 
sentation, as well as the associated object in (G,CMots). For any object M of 
(G, CMots), we put 

M a := {V^®M) G 
in CMots. This defines additive functors, all denoted by (.) a 

(G, CMots) -» CMots 

(G,C b (CMot s )) -» C b (CMot s ) 
Ho(G,C b (CMots)) -» Ho(C b (CMot s )) 

Lemma 7.15. For any Q-irreducible character a, and any pair of objects M, N of 
(G, CMots), we have a natural isomorphism of Q[G]- modules 

Hom c Mots ( N , M a) = Hom Q[G] {V a ,Hom C Mot s ( N , M )) 

Proof. 

HomcMots (N, M a ) S {V% ®q Hom CM ot s (N, M) f 

^ Ho m(Q (V a ,Hom C Mots(N,M)) G 
S Hom Q[G] (V a ,Hom C Mot s (N,M)) 

□ 

Suppose that a is Q-irreducible, of degree n a . We define an idempotent p a in 
the group algebra Q[G] by 
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Proposition 7.16. For each a G C(G,Q), there exists a unique morphism of 
abelian groups 

Xc , a : K<?(Var s ) -» K (CMot s ) ® Q 

such that 

(i) if X belongs to (G, Vt), for some smooth, irreducible, and quasi-projective locally 
closed subset T of S , and if a is a Q- irreducible character on G, then 

n r 



< a, a > 



XcA[x)) 



is equal to the class of the image of the projector p a on the object M(X) ofA4+(T). 
(ii) the morphism Xc,a is (J-linear in a. 

Proof. We can construct Xc,a as follows: if a is effective, we map the class of 
an 5-variety X with good G-action in K G (Vars), to the class of (Mc. c (X)) a in 
Ko{CMots)- Property (ii) is clear, so let us prove (i). For any object N in CMots, 
we have 

Hom CMots (N,lrR Pa \ M{x) ) ^ Pa Q[G] ® Q[G] Hom(N,M(X)) 

In view of Lemma 17.151 and Yoneda's Lemma, any choice of an isomorphism of 
Q- vector spaces 

Q[G] a (V r V)ffin B /<a,a> 

induces an isomorphism 

lm Pa £ (Af(X) Q ) ffin "/ <Q ' Q> 

in CMot s . 

Alternatively, we can take point (i) as a definition, and use Bittner's presentation 
of Kfi(Var s ) (see Remark Q3 in Section KTfy and Theorem EH □ 

Lemma 7.17. LetG\ andGi be finite groups, and let at be an element of G(Gj,Q), 
for i = 1,2. Consider the ring morphism 

A : K Gl (VW- s ) ® z if G2 (^ar s ) -» i^ Gl x ° 2 (V^ar s ) 

obtained as follows: the projection of G\ x G2 on Gi induces a morphism i^i : 
K G *(Var s ) -> i^ GlxG2 (T/ar s ). TTie composition of 

vn x tt 2 : i^ Gl (^s) x K G2 (Far s ) -» K GlxG2 (Vars) x K GlxG2 (Var s ) 

wit/i rinj multiplication in K GlxG2 (Vars), is bilinear, and induces the morphism 
A. We have 

Xc, ai ®Xc,a 2 =Xc, ai .C2 ° A 

Proof. Let T be any smooth, quasi-projective, irreducible locally closed subset of 
S. Let Xi be a proper and smooth variety over T, with good G^-action, for i = 1, 2. 
We may assume a, is Q-irreducible, for i — 1,2. Let /9j : Gi — > GL(l^) be the 
representation with character a,. The external tensor product p\ IEI p 2 : Gi x G2 — ■> 
Vi <8>q V2 is an irreducible representation with character u\.oli. 

Hence, by Proposition 17. l6T i) . it suffices to show that the projectors Imp ai . a2 
and Imp ai <g> Imp a2 on M(Xl Xj- X 2 ) have isomorphic images in .M° (T). This, 
however, is clear. □ 

Now we prove two Frobenius reciprocity properties. 
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Lemma 7.18. Let tp : G — > G' be a morphism of finite groups. For any S -variety 
X with good G-action, and any a £ C(G', Q), 

([X]) 

in K (CMot s ) <8>Q. 

Proof. We may assume that a is effective. By definition, 

M G , tC {Ind^X) a = {V^ ® M G ,, c (Ind,pX)) G ' 
By Proposition EjSJ this object is isomorphic to 

(V^ ® Ind^M GtC (X)) G ' 
By the projection formula in Proposition I7.7I we get 

(y Q v ® Ind^M G:C {X)) G ' S (Jnd^JZe*^ ® M G , C (X))) G ' 

= (^L^®^G,cPO) G 

— M G<c (X)ii e8i>a 

□ 

Corollary 7.19 (Relative motive of a quotient variety). Le£ X be an S -variety with 
good G-action, and let H be a normal subgroup of G. For every a in C(G/H,Q), 

X c, a ([ X / H }) = Xc, a o P ([X]) 

where p is the projection p : G — > G/H . 

Proof. Apply Lemma 17. 181 to the projection ip : G — ► G/H. □ 

Lemma 7.20. Let ip : G — > G' be a morphism of finite groups. For any S -variety 
X with good G' -action, and any a <E C(G,Q), 

([X]) 

in K (CMot s ) ® Q. 

Proof. We may assume that a is effective. By definition, 

M G ,, c (X) Ind ^ a S (V^ a ®M G ,, c (X)f 

S* (Ind^VZ ®M G , }C (X)) G ' 
By the projection formula in Proposition |^T| we get 

(Ind^ ® M G , tC (X)) G ' £* (Jnd^(V a v i?es^M GV (X))) G ' 

= (^ Q v ®i?es^Af GV (X)) G 

where the last isomorphism follows from Proposition l7.ll □ 
Corollary 7.21. For every S-variety X with good G-action, 

Xc([x]) = £^— x c , Q (*) 

< a, a > 

a 

where we take the sum over all ^-irreducible representations a. 

Proof. The regular character Xreg on G is induced by the trivial character on the 
trivial subgroup. Now use Lemma I7.2UI and the fact that for each Q-irreducible 
character a, its degree n a equals its multiplicity in Xreg times < a, a >. □ 
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Definition 7.22. We denote by K™ ot (yars) the image of the morphism 

Xo- MVars) -► K (CMot s ) 
constructed in Corollarv \b\21\ 

Lemma 7.23. For any ^-central function a in C(G,Q), the image of Xca is 
contained in K^ ot (Var s ) ® Q. 

Proof. In view of Artin's result mentioned above, it suffices to prove this lemma 
when a is of the form Ind^ln, where H is a cyclic subgroup of G, and 1# is 
the trivial character on H . By Lemma 17.201 we may assume that G is cyclic, 
and G = H. In this case, Lemma [7.281 is an immediate consequence of Corollary 

rrrrai □ 

Lemma 7.24 (Base Change). Let f : T — > S be a morphism of k-varieties. For 
any a £ C(G, Q), the base change square 

K§{Var s ) K™ ot (Var s )®Q 

r 

K{f(Var T ) Xc ' a » K^ ot (Var T )®Q 

commutes. 

Proof. This is clear from the definition. □ 

8. A MOTIVIC INCARNATION FOR THE RELATIVE THEORY OF PSEUDO-FINITE 

FIELDS 

Now we're ready to construct the relative counterpart of the morphism 

X(o) : K„(PFF k ) -> K™ ot (Var k ) ® Q 

from the introduction. Throughout this section, our base scheme S is a variety over 
a field k of characteristic zero. 

Definition 8.1. Let X be an affine normal irreducible variety over S, let Y be 
a Galois cover of X , and let Con be a conjugation domain of the cover Y/X . 
Put G — G(Y/X). We define a ^-central function aeon in G(G,Q) as follows: 
a(g) = 1 if the subgroup generated by g belongs to Con, and a(g) = else. 

Let be the set of quantifier-free Galois formulas 9 over S . We define a map 

as follows: for any quantifier-free Galois formula over S , corresponding to a 
Galois stratification < X,Ci/Ai,Con(Ai) >, we define X(c)(9) by 

X( C )(0) : = J2xc, acon(Ai) ([c t }) 

i 

Lemma 8.2. Let 9 and 9' be quantifier-free Galois formulas, such that the Galois 
stratification corresponding to 9' is obtained from the one corresponding to 9 by 
inflation. Then 

X(c)(O)=X(c)(0') 
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Proof. Let X, Y be affine normal irreducible varieties over S, let Y/X be a Ga- 
lois cover, and let Con{Y/X) be a conjugation domain for this cover. Put G' = 
G(Y/X). Let Z/X be a cover dominating Y/X, put G = G(Z/X), and denote by 
Con(Z/X) the conjugation domain obtained by inflation. Denote by ip '■ G — > G' 
the projection. 

We have Y = Ind^Z, and hence, by Lemma 17.181 it suffices to observe that 
&Con{Z/X) = Res^,a C on(Y/x)- D 

Lemma 8.3. Let 9 and 8' be quantifier-free Galois formulas, such that the Galois 
stratification corresponding to 9' is obtained from the one corresponding to 9 by 
refinement. Then 

X(c)(o)=x( C )(e') 

Proof. Let X, Y be affine normal irreducible varieties over S, let Y/X be a Ga- 
lois cover, and let Con{Y/X) be a conjugation domain for this cover. Put G' = 
G(Y/X). Let U be a normal irreducible closed subvariety of X, and let V be any 
connected component of Yu = Y Xx U. Put G = G(V/U), and let ip : G — > G' be 
the inclusion. Let Con{V/U) be the conjugation domain induced from Con(Y/X) 
by refinement. 

Since Yjj = Ind^V and ctcon{V/u) = R es ii°<-Con{YIX)i we see from Lemma f7. 181 
that 

M c , G (Y u ) aCon{Y/x) = Mc,G>(V) a0onmv) 
The result now follows from additivity of M c .q. □ 

Lemma 8.4. Let m be a positive integer, let A and B be Galois stratifications of 
A™, and suppose that there exists a Galois stratification Q of A™ XjA™ , such that, 
for each point x of S , and each pseudo-finite field extension M of k{x), the set 
Z(Q,x, M) is the graph of a bijection between Z(A,x, M) and Z(B,x,M). Let 9a, 
9b, and 9q be the quantifier-free Galois formulas corresponding to A, B, resp. Q . 
Then 

X(c)(0a) = X(c)(0b) = X(c){0g) 

Proof. It suffices to prove that X(c){@a) — X(c)($g)- Refining our stratifications, 
by Lemma [8.31 we may suppose that A contains at most one stratum C/A with 
non-empty conjugation domain Con(A), and we may restrict Q to a stratification 
of A x s A' s ra . Write Q as < A™ x s A%,D, t /Gi, Con(Gi) >. Let W be the support 
of Q, i.e. the union of the strata Gi with non-empty conjugation domain, and let 
7r : W — > A be the projection. 

First, suppose that the support of A is empty, i.e. that Con(A) is empty. Since 
Q defines the graph of a bijection between A and B, this means that Z(Q,x,M) 
is empty, for any point x of S, and any pseudo-finite field M containing k(x). 
By Lemma 12.81 this implies that the support of Q is empty. Hence, X(c)(9a) = 
X(c)(0g) = O. 

So we may assume that that Con(A) is not empty. By Lemma |2.8I the union 
of the sets Z(A,x,M), where x runs over the points of A, and M runs over the 
pseudo-finite field extensions of k(x), is dense in A. Since tt induces, for each x and 
each M, a bijection between Z(A, x, M) and Z(Q, x, M), this shows that the image 
of 7r is dense in A. 

Now suppose that G is a stratum of W, and a is a closed point of A, such that the 
fiber of G over a has dimension > 0. After a refinement, we may suppose that G is 



RELATIVE MOTIVES AND THE THEORY OF PSEUDO-FINITE FIELDS 



3!) 



mapped to a. Let x be the image of a in S. By Lemma Ol the conjugation domain 
of G must be empty; if not, Z(Q, x, M) would contain infinitely many points lying 
over a, for some pseudo-finite field M containing k(x). 

Hence, there exists an open dense subscheme A' of A, such that the restriction of 
Q to 7T _1 (A') satisfies the following property: for every stratum Gi of this restriction, 
7r : Gi — > A' is etale and finite. By Noetherian induction, we might as well assume 
that A = A'. 

We can dominate the etale cover C/A and all the composed covers Di/A by a 
common Galois cover D/A. By Lemma 18.21 we might as well assume that D = 
C = Di for all i. We will show that 



This will complete the proof, by Lemma l7.2UI 

Let M be any field, and let a be an M-valued point on A. The point a lifts 
to an M-valued point b on Gi, for some i, iff Cpi^a) H G(D/Gi) is not empty, 
by Lemma \'2. 41 In this case, there exists a group H in this intersection, such that 
C-D/Gi(b) is the conjugation class of H in G(D/Gi). 

Conversely, if H' is a subgroup of G(D/Gi) for some i, and if b is an M- valued 
point on Gi with H' € Cn/Q i (b), then the image of b in A is an M-valued point a 
whose decomposition class (7dm (a) is the conjugation class of H' in G(D/A). 

Let g be any element of G(D/A), denote by H the subgroup of G(D/A) gen- 
erated by g, and denote by Ch its conjugation class in G(D/A). By definition, 
dcon(A){g) = 1 if there exists a point x on S, a pseudo-finite field M containing 
k(x), and a point a in Z(A, x, M) with H G Ce,/a{o)- Else, acon(A){g) = 0. 

In the latter case, H ^ Con(A), and since Q defines a bijection between A and 
B, Ch H Con(Gi) is empty, for all i. This means that both members of J2| vanish 
when evaluated in g. 

In the first case, there exists a unique index i such that a lifts to an M-valued 
point b on Gi, with Cu/c^b) C Con(Gi), and this point 6 is also unique. This 
means that there exists a unique index i such that (^^/^(a) n 3^{G(D / Gi)) is non- 
empty and contained in Con{Gi), and moreover, Cjy^(a) n Con(Gi) consists of a 
single conjugation class in G(D/Gi). Hence, both members of © are equal to 1 
when evaluated in g. □ 

By Lemma fS.41 and the Elimination Theorem 14. II the map X(c) from Definition 
18. II factors through a map of sets 



We now show that it respects the ring structures. By Lemma |8.4I we may freely 
identify Galois formulas 9 with equivalent Galois formulas or equivalent ring for- 
mulas. In particular, X(c) is well-defined on 9± x 62, 0\ V 82 and 6\ A 62, for any pair 
of Galois formulas 6\, 62- 

Lemma 8.5. Let Q\ and #2 be quantifier-free Galois formulas corresponding to 
Galois stratifications A\ and A2 , and denote by 81 x 5 2 the Galois formula corre- 
sponding to the product A\ X s A 2 ■ Then 



(3) 




X (c) : Ko(PFF s ) K™ ot (Var s ) ® Q 



X(c)(01 X 2 ) = X(c)(0l)-X(c)(02) 
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Proof. Let Xi,X2 be affinc normal irreducible varieties over S, let Y\/X\ and 
Y2/X2 be Galois covers, and let Coni, resp. Con2 be conjugation domains for 
these covers. Put Gi = G(Yi/Xi) for i — 1, 2. 

Let Z be any connected component of Y± X5I2, and let Con be the conjugation 
domain for the cover Z/X\ x 5 X2 defined in Section 13.81 Put 

G = G(Z/X 1 x s X 2 ) 

and denote by ip : G\ x G2 — > G the projection. Observe that 

ReS^OtCon = &Coni- a Con2 

in G(G X x G 2 ,Q). By Lemma I7T7I and Lemma I77T51 

M CiG (Z) QCo „ SM e , Gl (Yi) aooni ®M CiG2 (F 2 ) QCon2 

□ 

Lemma 8.6. For any pair of quantifier-free Galois formulas 9±, 62 with the same 
free variables, we have 

X(c){0i V 2 ) + X (c)(0i A 6 2 ) = X{c){0i) + X(c)(0a) 

For any pair of quantifier- free Galois formulas 9±, 02 with disjoint sets of free vari- 
ables, we have 

X(c)(0iA0 3 )=X( c )(0i).X(c)(ftO 

Proof. Let 0-y and 6*2 be Galois formulas corresponding to Galois stratifications Ai 
and A2- 

First, suppose 0\ and 02 have the same free variables. After a refinement, and 
using Lemma EH we may suppose that the underlying stratifications of A\ and A2 
coincide. If Z(0\ A 02,x,M) is empty, for any point x of S and any pseudo-finite 
field extension M of the conjugation domains of A\ and A2 are disjoint, for 
each stratum, by Corollary 14. 51 In this case, it is easy to see that 

X(c)(0iV0 2 ) = X(c)(0i)+X(c)(&) 

In general, we have 

X(c)(9iV«j) = X(c)(9i Aflj) + X(«)K Aflj) + X( c )(fli A^) 
X(c)(0i) = X(c)(»iAft)+X(c)(«iA^i) 
X(c)(^ 2 ) = X(c)(9iAflj)+x (c )(^iAflj) 

Hence, 

X(c)(^i V 2 ) + X(<#1 A 2 ) - X(c)(0i) + X(c)(^a) 

if 6>! and 2 have the same free variables. 

If 0\ and 02 have disjoint sets of free variables, the formula 0i A 6* 2 corresponds 
to the product A\ x s _4 2 - By Lemma T8. 51 we have 

X(c)(0lA02) = X(c)(0l)-X(c)(02) 

□ 

In analogy with |15| . Theorem 2.1, we state 
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Theorem 8.7. There exists a unique ring morphism 

X{ c) ■ Ko(PFFs) -> K™ ot (Vars) ® Q 
satisfying the following two properties: 

(i) for every quantifier- free ring formula ip, the image of [ip] under X(c) equals 
Xc{[X]), where X is the S-constructible set defined by ip. 

(ii) let X be a normal affine irreducible variety over S, let Y be a Galois cover of 
X , and let C be a cyclic subgroup of the Galois group G of the cover Y/X. To 
these data, we can associate a ring formula <Py/x,c over S (see Section \&.3\) . whose 
interpretation, in any point x of S, and for any field K containing k{x), is the set 
of K -valued points a 6 X X (K) with C £ Cy/xi 11 )- Then 

\C\ 

Xc([<Py/x,c]) = \ Ng ((J^ X{c){YPY/(Y/C),c\) 1 
where Nq(C) denotes the normalizer of C in G. 

Proof. 1. Uniqueness: By Corollary 14.61 the morphism X(c) is determined by the 
images of classes of the form [<Py/x,c], with C cyclic. Hence, by (ii), Xc is deter- 
mined by the images of classes of the form [<Py/(y/c),c]> where C is cyclic. However, 
by (i) and (ii), 

\C\ X c([Y/C])= Y, \A\X(c)([Vy/(y/a),a}) 

A subgroup of C 

since the formulas P>y/(y/c),a yield a partition of Y/C, and since 

\C\x(c)(Vpy/(y/c),a\) = \ a \X(c)([<Py/(y/A),a]) 
by property (ii). This recursion formula determines X{c)([ i PY/{Y/C),c\)- 

2. Existence: By Lemma |8.6I and Lemma |8. 41 the map X(c) from definition 18.11 
factors to a ring morphism 

X(c) : Ko(PFFs) -> K™ ot (Var s ) ® Q 

The fact that property (i) is satisfied, follows immediately from the definition. Let 
us prove property (ii). Put G = G(Y/X), and denote by ip : C — » G the inclusion. 
We have Yq = Res^Yc, where Yc is the variety Y with good C-action as a Galois 
cover of Y/C, and Yq is the variety Y with good G-action as a Galois cover of X. If 
Con(Y/ X) is the conjugation class of C in G, and if we denote by Con(Y/(Y/C)) 
the conjugation domain {C}, then 

Igl r , 

aCon(Y/X) = , N(3 (Qt ln H a Con{Y/{Y/C)) 

Hence, we may conclude by Lemma 17.201 □ 

Corollary 8.8. There exists a canonical ring morphism 

K (PFF S ) -> K (D b (S, Qe))®Q 

mapping a ring formula ip defining a locally closed subset X of A™, to the class of 
Rw\(Qi), where it : A™ — > S is the structural morphism. 

Proof. The morphism is obtained by composing X(c) with the realization morphism 
from Corollarv lfi.161 By point (i) of Theorem l8.7l the image of [ip] is nothing but the 
image of X(c) PO m K (D h (S, Qe))- Let us show that this image coincides with the 
class of Rir\(Qe). By additivity of Rnt, and constructible resolution of singularities, 



42 



J. NICAISE 



we may suppose that X is smooth and proper over S. In this case, the result follows 
simply by definition of the realization functor M+(S) — > D b (S, Qg). □ 

Proposition 8.9 (Base Change). Let T be another k-variety, with a morphism f : 
T —> S . This morphism induces base change morphisms Kq(PFFs) — > Kq(PFFt) 
and KS lot {Var s ) <g> Q -> K^ ot (Var T ) ® Q, wAic/i we &oi/i rfenoie &y /*. We #ei a 
commutative diagram 

K (PFF S ) K^°\Var s )®Q> 

r\ r[ 

Kq(PFFt) if™ ot (l/ar T ) ®Q. 

Proof. Let . . . , ir m ) be a ring formula over £>, and let 93' be its pullback to T. 

Suppose that (p is equivalent to a quantifier- free Galois formula 9, with correspond- 
ing Galois stratification A =< A,-, Ci/Ai, Con(Ai) >, i.e. it, M) = x, M) 
for each point x of S, and each pseudo-finite field extension M of the residue field 
k(x). Let 0' be the Galois formula, associated to a Galois stratification of A™, ob- 
tained by pulling back A via the morphism A™ —> A™ induced by /, as explained in 
Section E] We denote this Galois stratification by A' =< A'pC'j/ApCo^A'A >. 
It is clear that cp' is equivalent to 6' . 

Now we compare X(c)(9) an d X(c)(0')- We may suppose that the support of A 
consists of a single stratum A, with Galois cover C/A and conjugation domain 
Con(A). By a stratification argument, we may assume that T is irreducible and 
smooth, and that A' := A X/- T is a stratum of .A'. It suffices to prove that 

f*Xc,a 0onW ([C])= X c, aCon , Al) ([C'}) 

where C'/A' and Con(A') are the induced Galois cover and conjugation domain; 
i.e. C is a connected component of C Xa A' , and Con(A') is the set of elements of 
Con{A) which are contained in G{C /A'). We denote by V : G{C'/A') -> G{C/A) 
the inclusion. By Lemma 17.241 

rXo, aooMA) ([C}) = X c, acon(A) ([C x s T}) 

while C x 5 T = Ind^C and acon(A') — Rss^acontA)- So we can conclude by 
applying Lemma IV. 181 □ 

9. The relative motivic Poincare series 

Let S be a variety over a field k of characteristic zero. Let X be a separated 
scheme, of finite type over S. For any integer n > 0, we denote by S[t]/(t n ) the 
S'-scheme S X& Spec k[t]/(t n ). We define, for each integer n > 0, a contravariant 
functor 

F„ : (Sc/i s ) op - (Sets) 

from the category (Schs) of ^-schemes, to the category of sets, by 

F n (Y) = Hom Schs {Y x s S[t]/(t n+1 ), X) 

For any field K containing k, we call the points of F„(Spec K) the if- valued relative 
n-jets on X/S. 

Proposition 9.1. The functor F n is representable by a separated S -scheme of finite 
type C n (X/S), for each n. 
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Proof. The proof is analogous to the proof in the absolute case S = Spec k. Suppose 
that X is afBnc over S, with X = Spec Os[x\, . . . , x m ]/(fi, ■ ■ ■ ,fr)- Let 

a = ( a l,0 + &l,lt + • • • + dl,nt n , ■ ■ ■ , CLmfi + • ■ • , d m ,nt n ) 

be an m-tuple of elements of Os[t]/(t n+1 ). The system of equations fi(a) = 
mod t rl+1 , for i = 1, . . . , r, puts algebraic conditions on the coefficients dij, and if 
we consider these coefficients as affine coordinates on A™ ( n+1 \ the fi define a closed 
subscheme C n {X/S) of A^ n+1 \ A gluing procedure yields the general case. □ 

Note that C (X/S) ^ X. By Yoneda's Lemma, the truncation map S[t]/(t n+1 ) -> 
S[t]/(t n ) induces a truncation morphism of S'-schemes 

< +1 :C n+ i (X/S)^C n (X/S) 

for each n > 0. These morphisms are affine, and hence, we can take the projective 
limit in the category of S'-schemes to obtain an S-scheme C(X/S). It comes with 
natural projections 7r„ : C(X/S) — ► C n (X/S). For any field K containing k, we call 
the points of C(X/S){K) the if-valued relative arcs on X/S. 

When X is smooth over S, the morphisms 7r™ +1 are piecewisely trivial fibrations 
with fiber A^, where d is the relative dimension of X. An S'-morphism h from 
X to X' induces a morphism h from C(X/S) to £(X'/S) by composition, and a 
morphism of fc- varieties f : W S induces a pull-back morphism /* : C(X/ S) — > 
£(A xg W/W). If y is a separated VK-scheme of finite type, this morphism / 
induces also a forgetful morphism /* : £(Y/W) — > C(Y/S). 

Lemma 9.2. For any k-variety T, endowed with a morphism f : T — ► S, and 
for any separated S -scheme X of finite type, there are canonical isomorphisms of 
T-schemes 

C n (Xx s T/T) £* C n (X/S)x s T, 
C(Xx s T/T) = C(X/S)x s T, 
compatible with the truncation morphisms 7r™ and ir n . 

Proof. Denote, for any variety U, the category of [/-schemes by Schu- The scheme 
£ n (X/S) XsT represent the functor 

G n : (Sch T ) op -» (Sets) 

mapping a T-scheme Y to 

Hom SchT {Y,C n {X/S) x s T) = Hom Schs (Y, C n (X/ S)) 

= Hom Schs (Y x s S[t}/(t n+1 ),X). 
There is a canonical isomorphism of T-schemes 

Y x s S[t]/(t n+1 ) = Y x T T[t]/{t n+1 ) 

and we have 

Hom Schs (Y x s S[t]/(t n+1 ),X) = Hom SchT (Y x T T[t]/(t n+1 ), X x s T) 

Hence, there is a natural equivalence of functors between G„ and the functor rep- 
resented by C n {X XsT/T), and, by Yoneda's lemma, it corresponds to an isomor- 
phism 

C n (Xx s T/T) = C n (X/S)x s T 
Taking projective limits over n concludes the proof. □ 
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For any scheme Y, we denote by Y re d the underlying reduced scheme. 

Lemma 9.3. For any separated S -scheme X of finite type, there exists an integer 
a > 0, such that, for each n > 0, the truncation morphism 

£-na(X/ S)red ~ > £n(X / S) 

factors through a morphism 

£na{X/ S) re d > £, n (X re d/ S) 

Proof. We may assume that X and Y := C na (X/ S) re d are afHne, say X — SpecB, 
and Y = Spec A. Denote by Mb the nilradical of B. We have to prove that there 
exists an integer a > 0, such that, for each n > 0, for each reduced /c-algebra A, 
and for each morphism of /c-algebras 

g:B^A[t]/(t na+1 ) 

the composition h : B — ► A[t]/(t n+1 ) factors through B/Mb- 

In other words, we have to show that the ideal g~ 1 (t n+1 ) contains Mb- Since B 
is Noetherian, we can choose a positive integer a, such that b a = for any element 
b of Mb- Since A is reduced, g(6) has to belong to the ideal (i n+1 ), as soon as 
b e Mb- □ 

For any point lonS and any separated S-scheme of finite type X, the fiber of 
C(X/S) over x is canonically isomorphic to C{X Xsx), where £(.) denotes the arc 
scheme as defined in \1'2\. n.l. Hence, for any field K, giving a K- valued relative 
arc ip on X/S, amounts to giving an arc in (X x x S)(K[[t]]), where x denotes the 
image of TTo(ip) in S. 

For any separated S'-scheme Y of finite type, we put [V] := [Y re d] in Kg(Vars)- 

Definition 9.4. If X is a separated S -scheme of finite type, we define its relative 
Igusa Poincare series as 

oo 

Q(X/S:T) = J2[j0. n (X/S)]T n 6 K (Var s )[[T}] 

n=0 

We can also generalize Denef and Loeser's definition of the geometric and arith- 
metic Poincare series ^2 El EI El El to our relative setting. The aim is to define 
P g eom{X/S;T) and P arith (X/S; T) as objects in K {Var s )[[T}], resp. 
(K™ ot (Var s ) ® Q)[[T]], such that base-change to any point x of S, yields the "clas- 
sical" motivic Poincare series of the fiber X x$ x. 

First, we need to prove a uniform version of Greenberg's Theorem |23j . We 
will show that there exist positive integers c, e, such that, for any point x on S, 
for any positive integer n, and for any field extension K of k(x), the projections 
ir n C(X x )(K) and 7r^ n+e £ cn + e (X x )(K) coincide, where X x denotes the fiber X xsx 
of X over x. In other words, a if -valued n-jet on a fiber X x lifts to a if -valued arc 
on X x , as soon as it lifts to a if -valued (en + e)-jet on X x . Using our relative arc 
and jet spaces, we can write this property as 

n n (£(X/S)(K)) = ^(C cn+e {X/S){K)) 

We will proceed in two steps. We start by giving a short alternative proof of 
the absolute case, using resolution of singularities. Then, we show how to extend 
this proof to obtain the uniform version stated above. First of all, we recall the 
following definition. 
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Definition 9.5. Let X be a separated scheme of finite type over k, and let X be an 
ideal sheaf on X. For any field K containing x, and any arc ip in C(X)(K), we 
put x := 7To(V0 € X, and we define the order of I at ip by 

ordi{iP) := mm{ord t f(ip) \ f £ XJ G N U {00} 

If Z is a closed subscheme of X , we denote the defining ideal sheaf of Z in X by 
Iz , and we put 

ord z (ip) := ord Tz (ip) 

We call this value the contact order of ip with Z. Note that ordz(ip) = 00 iff ip is 
contained in Z . 

Theorem 9.6 (Greenberg). Let Z be a separated scheme of finite type over k. 
There exist positive integers c, e, such that, for any positive integer n, and for any 
field extension K ofk, the projections n n C(Z)(K) and 7r^" +e £ cn+e (Z)(K) coincide. 

Proof. We embed Z as a subscheme in some smooth ambient fc-variety Y, and we 
take an embedded principalization h : Y' — > Y for the defining ideal sheaf Zz of Z 
in the structure sheaf Oy, defined over k, such that h is an isomorphism over the 
complement Y \ Z , see |H1 2.5]. This means that h is a proper birational morphism 
from a smooth variety Y' to Y, such that 

N 

1=1 

where E = YliLi 1S a normal crossing divisor on Y', and where the r, are positive 
integers. We denote the maximum of the multiplicities r, by R. 

Choose an integer n > 0. Let K be a field extension of k, and let ip be a K- valued 
arc on Y, such that 

nNR < ordz{ip) < 00 

This means that 

n nNR -i(ip) : Spec K[t]/{t nNR ) - Y 

factors through a (nNR — l)-jet on Z. Since h is an isomorphism over Y \ Z, it 
follows from the valuative criteria for properness and separateness, that there exists 
a unique K- valued arc ip' on Y', such that h o ip' = ip. We put v\ = ordE { (ip'), and 
we denote by v the maximum of the z^. We may assume that v — v^. 

Now, observe that nNR < ordz(ip) = YliLi T i v i ^ vNR, hence v > n. Since 
the divisor E\ is smooth, there exists an arc £' in C(E\)(K) such that n u -i{C') = 
TT v -i(t/j') in C Vl (E\)(K). If we denote by Q the image of (' under h, then 7r^_i(^) = 
■K u -i(t/>) = h(Tr„-i(i()')) in C u -x(Z), and, a fortiori, 7r n _i(C) = n n -x(ip). 

Hence, we see that, for any if -valued n-jet ip n on Z ', this jet ip n lifts to a X- valued 
arc on Z, iff it lifts to a if -valued (nNR + NR - l)-jct on Z. □ 

Theorem 9.7 (Uniform version). Let S be a variety over k, and let X be a separated 
scheme of finite type over S. There exist positive integers c,e, such that, for any 
point x on S , for any positive integer n, and for any field extension K of k(x), the 
projections ir n £(X x )(K) and Tr^ +e C cn + e (X x )(K) coincide, where X x denotes the 
fiber of X over x. 
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Proof. By the proof of the previous theorem, it suffices to find, for each fiber X x , an 
embedding in some smooth ambient space, and an embedded principalization for 
its defining ideal sheaf, such that the numbers N, R are uniformly bounded. This 
follows from the existence of a constructible embedded resolution, by Proposition 
ICT1 □ 

Definition 9.8. If X is a separated S -scheme of finite type, we define its relative 
geometric Poincare series as 

oo 

P geom (X/S;T) = YMnC{X/S)]T n G K Q (Var s )[[T}} 

n=0 

By Theorem 19.71 {-K n C{X/ 'S)) re d = (^n £n< (X/S)) re d for some integer n' > n, 
hence the truncation (-K n C{X/ S)) re d is, by Chevalley's Theorem, a constructible 
subset of C n (X/ S) re d, and its Grothendieck bracket is well-defined. 

Proposition 9.9 (Base Change). Let X be an S-variety, and let R(X/S;T) be 
either its relative Igusa Poincare series, or its relative geometric Poincare series. 
Let W — > S be a morphism of k-varieties. If we take the image of the coefficients 
of R under the base change morphism K~o(Vars) — > Ko(Varw), then we obtain the 
corresponding Poincare series R(X Xg W)T). 

Proof. This follows immediately from Lemma 19.21 □ 

In particular, by base change to any point i of 5, we recover the absolute 
Poincare series of the (not necessarily reduced) fiber X x . 

Now, we define the relative arithmetic Poincare series. If X is affine over S, 
say X is a closed subscheme of A™, Theorem 19.71 implies that we can find, for 
each positive integer n, a ring formula %l> n (x\, . . . ,x/ n+ i) m ) over S, such that, for 
any point x on S, and any field extension K of k(x), the [n + l)m-tuples over 
K satisfying i/j n , correspond to the points of ir n (£(X x )(K)). Here we identified 
TT n (£(X x )(K)) with a subset of C n (A™ {x) ){K) = A^+ 1)m (iQ. 

Definition 9.10. We define the relative arithmetic Poincare series as 

oo 

P arith (X/S;T) = J2x(c)(^n])T n e (KX"*(yar s ) ®Q)[[T]] 

If X is not affine over S, we can still define its arithmetic Poincare series, using 
definable subassignements as in |15|. 

Proposition 9.11 (Base Change). Let X be a separated S-scheme of finite type, 
and let W — > S be a morphism of k-varieties. If we take the image of the co- 
efficients of P ar ith(X/ S;T) under the base change morphism K™ ot (Vars) d> Q — > 
K™ ot (Varw)®Ql, then we obtain the arithmetic Poincare series P ar ith{X x $W ';T) . 

Proof. This follows from Lemma T8.9I □ 
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